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Abstract—This work presents the development of a following methods can be listed: sliding mode con-
MLD (Mixed Logical Dynamical) model for a boost trol strategies [1], nonlinear PI controllers based on
converter. The boost converter, as well as any other he method of extended linearization [2], nonlinear

switched device in power electronics, is a system suited -
to be characterized as a MLD system due to the presence Hoc controllers [3], passivity-based controller [4] and

of the switch, introducing a binary input to the system, Model-based predictive controller [5], [6].

and the dynamical evolution depending on if-then-else ~ On the other hand, MLD formalism is a versatile

rules. The classical approach to describe switched-mode approach of describing hybrid systems, allowing to
power electronic devices is via "averaging” techniques. A state and solve control problems in a systematic way,

comparison of the simulation results obtained with two . .
models, hybrid and real, is also presented using for example a model-based predictive control

Index Terms—DC-DC converters, hybrid systems, Strategy. Real-life applications that can be naturally
modelling modelled within the MLD framework are presented in

[71, [8], [9] and [10].
I. INTRODUCTION In this work a MLD model for a boost converter is

DC-DC converters have been the object of sustainddveloped, the control - in the predictive control frame-
interest in the last decades. They are extensively usedrk - being approached in a subsequent publication.
in power supplies for electronic equipment in ordefhe paper is structured as follows. The next section
to control the energy flow between two DC systemslescribes the DC-DC system dynamics. Section 3 deals
Although a typical DC-DC converter circuit requireswith the MLD formalism, while Section 4 provides a
few components and, from a theoretical point of vievgtep-by-step development of the boost converter MLD
is simplistic to operate, all DC-DC converters requirenodel. A comparison between the simulation results
control circuitry in order to account for load variationspbtained by using the MLD model and the real model
component tolerances, system aging and input souisegiven in Section 5. Finally, some conclusions are
voltage variations. drawn.

Due to their time-varying characteristic and to their
inherent nonlinear feature, DC-DC converters are a
traditional benchmark for testing advanced controllers. The boost converter, represented in Fig. 1, is a "step-
Lately, the emerging control strategies compute th" converter, which produces a higher DC output
control signal, in order to improve the overall quality/oltageV, than the one supplied by the external voltage
of control, based on a model of the process. source V. The differential equations describing the

The modelling and control of DC-DC converters cafircuit are given by:
be formulated in two different ways, depending on 1
whether the switching signal(t) (Fig. 1) is directly ii(t) = [—(1 — (1)) pa2(t)+
manipulated - hybrid system approach - or an auxiliary

Il. PROCESS DESCRIPTION

pulse width modulation (PWM) circuit is necessary in 1Vg} g(x1(t),q(t))
order to determine the switch position. While many L

control applications are available in literature for the io(t) = (1-— q(t))ixl(t) _ i@(t) (1)
latter case, based on the availability of the averaged c RC

model, few results are available in the case of hybrithere

systems to which the MLD (Mixed Logical Dynamical) 1, ifqt)=1

formulation belongs. Among the PWM-based controlg(xl(t%q(t)) = 1, if q(t)=0andzy(t) #0
strategies reported in literature to provide improved , if q(t) =0andz,(t) =0
closed loop behavior and disturbance rejection, the (2)

(==



A variables and switching function, as:
FERET AR = S
‘ 1 0 S1 o oqt)=1
vy o == .S, Sa  q(t) =0 & @1(t) #0 Y
- T d Ss ¢ qt)=0 & z1(t) =0
and the functioning of the DC-DC system is described

by the finite state automaton illustrated in Fig. 2.

Fig. 1. Boost converter circuit The transitions between the states can occur only in
the orderS; — S5 — S3—Sy0rS;—5 —51,a direct
transition from.S; to S3 being impossible due to the

The variables appearing in model (1) are defined @sct that inS; the input inductor current is continuously

follows: increasing, at the end of this state reaching its highest
« x1(t) - input inductor currenty(t); value, and will never become instantaneously zero
e xo(t) - output capacitor voltag®(t); when the switch is open to allow for a transition$e.
« V, - nominal value of the external voltage sourceSimilarly, a transition fromS; to S, is not possible, the
« R - nominal value of the output resistance; inductor current can not decrease more (phenomenon
« ¢(t) - switch position function, which takes valuesharacteristic to stat§,) starting from its zero value
in the discrete sef0,1}. in state S3. However, it can happen that the system

As model (1) shows, the dynamic behavior of thgoes not enter s_tatég, if the switch is not kept open
boost converter is driven by the switch position with & 10ng eénough time.
binary value and evolves according to if-then-else rules
summarized in (2), the boost converter being classified X (940
in this way in the hybrid systems category.

Before proceeding further with the development of
the MLD model, a short analysis of the boost con-
verter behavior is considered. When the switch is ON

qtt=1 x{)=0

(¢(t) = 1), the input inductor current, increases and alf=1
the capacitolC' discharges on the resisté& according
to the relations: Fig. 2. State evolution
dig,
L— = 3
dt Vo 3) I1l. HYBRID SYSTEMS INMLD FORMULATION
C% = _th(f) (4) Hybrid systems refer to processes that evolve ac-

cording to continuous dynamics, discrete dynamics and
In this situation the converter is said to function in stategic rules.

S;. Alternatively, when the switch is OFk () = 0), Several modelling formalisms have been developed
the variations of the input inductor currentand of the to describe hybrid systems [11], each approach having
output capacitor voltag®,; are described respectivelyits own tools for analysis, depending on the adopted

by: mathematical description.
di The MLD description, introduced by Bemporad and
L Vy — Va(t) (5) Morari [7], is capable of modelling a broad class of
dc‘lj Va(t) systems arising in many applications: linear hybrid dy-
CcT: = i — dT (6) namical systems, hybrid automata, nonlinear dynamic

systems where the nonlinearity can be approximated by
and the operational state is denoted By. While a piecewise linear function, some classes of discrete-
working in state.S;, the currenti; will constantly event systems, linear systems with constraints, etc.
decrease and, possibly, will become negative. HoweverThe MLD formulation is based on the idea of
the presence of the diode in the circuit represented tirmnsforming logic relations, expressed by logic propo-
Fig. 1 prevents that the current flows in the oppositbtions and describing the dynamic evolution of the
direction, thusiy, is limited to zero and a transition tosystem, into mixed-integer inequalities, i.e. inequalities
state S5 takes place. involving continuous and binary variables.
Consequently, the operational states of the boostUsing standard notation [7], [12], capital letters
converter can be rigourously defined, in terms of stafé; are adopted to represent statements of the form



TABLE |
TRANSLATION OF LOGIC INTO MIXED INTEGER INEQUALITIES

Mixed integer

Relation Logic
inequalities
and (A) X1 A Xo =1
do=1
or (V) X1V Xa 01 +d22>1
not (~) ~ X1 601 =0
imply (=) X1 = Xo 01 —062<0
equivalent(<) X1 < Xo 01 —02=0
—01+d3 <0
X3 & X1 N Xo —02 4903 <0
01+d2—93<1
[aTxSO]ﬁ[(S:l] aTez > e+ (m—e€)d
[6:1]#[(11"130] aTe < M — M§

aTez > e+ (m—€)s
aTae < M —MS
z< M6
—2z< —-md
z<aTx —m(1—96)
—z< —aTx+ M(1-96)

[Tz <0] & [5=1]

product z=6-a"Tx

"z(t) > 0" or "Temperature is hot”, referred to aspropositions and their corresponding integer inequali-
literals that can have either &rue or a false value. ties.

Logic propositions are obtained by combining literals The second stegonsists in representing the product
in statements, by means of connectives: * and, "V"  between linear functions and logical variables by in-
-or,”"~"- not "=" - implies <" - equivalent”®” -  troducing an auxiliary variable = §a”z. The mixed
exclusive or Connectives satisfy several properties thatiteger inequalities corresponding to the auxiliary real
allow transformation of logic statements into equivvariables involve the lower and upper bounds on con-
alent statements involving different connectives arthuous quantities:

simplify complex statements. Thus the propositional

logic governing the dynamic evolution of a system can M = mazzer(a’ ), m = minger(a’z)  (9)

be formulated as a collection of statements of the form: . . .
and a small tolerance, typically the machine preci-

X1V Xy ®) sion, introduced to replace the strict inequalities by
X1 AN Xy = X3 non-strict ones. Auxiliary real variables are uniquely
specified by the mixed integer linear inequalities listed
on the last row of Table I.

The third stegs to include auxiliary binary and con-

Basically, the derivation of the MLD form of a
hybrid system involves three steps [7], [I]he first
step is to associate with each literak; a logical . ) ) _ . :
variabled; € {0,1} (6; = 1 if X; is true or §; = 0 tinuous variables defined above in a LTI discrete-time

otherwise). Consequently, complex statements resulf8§1amic system in order to define, in a unified model,
from combinations of elementary statements via tta€ evolution of the continuous and logic components

boolean operators introduced above can be represerﬁédhe s_ystem. The general MLD form of a hybrid
as linear inequalities over the corresponding binaﬁyStem 1S

variabless;. Some basic equivalent translations of logic X(* +1) = AX(k) + Bqu(k) + Bod(k) + Bzz(k)
propositions into linear constraints are given in Table I. .

On one hand these relations can be extended to involvé/(k) = Cx(k) + Dqu(k) + D29 (k) + Dgz(k)  (10)
an arbitrary number of literals/logical variables, on thgypjected to the inequality constraint

other hand new entries can be appended to Table |

to cover the equivalency between more complex logic Exd(k) + Egz(k) < Equ(k) + Egx(k) + Eg  (11)



where x € R" x {0,1}" are the continuous andillustrate the smooth transition from logic to integer
binary statesy € R™< x {0,1}"™" are the inputsy € variables.

RP:x{0,1}"" are the outputs andlc {0,1}"",z € R Further (18) and (19) are translated into two sets of
represent respectively auxiliary binary and continuousixed integer inequalities (Table 1) as follows:
variables. The matrix inequality (11) comprises all the

constraints imposed on the states, inputs arahd § 0 < 1-4
variables. Although the description (10)-(11) seems to 0 < 04 (20)
be linear (in the state variablesand auxiliary binary 0p 2 (1=01)+ds—1
and continuous variablesandz), system nonlinearity
C . . . ; : b3 < 1-6;
is hidden in the inequality constraints over the binary 52 1-s 1)
variables. 3= 0T ™
03 > (1—=01)+(1—-6d4)—1

IV. BOOST CONVERTERMLD MODEL ) ]
DEVELOPMENT In light of the newly introduced concepts and trans-

. . . formations, the functi in (2), selecting th ra-
Once the continuous and discrete variables ha0 ons, the ctiory in (2), selecting the ope

: o . . YiGnal state of the converter, can be rewritten as:
been identified and the logic governing the process

functioning has been stated, one can proceed develop- g(z1(t), q(t)) = 81 + (62 + 65)04 (22)

ing the MLD model of the system. The boost converter

described by (1) and ruled by (2) has two continuodsombination (22) has been determined according to
variables - the states of the system - namely the inpilne following two observations:

inductor current and the output capacitor voltage and1) At a certain time instant, the boost converter
one binary variable - the system input - that is the  can be in only one of the possible three states,

switch position. this condition translating - in terms of integer
In order to apply the three-steps procedure for MLD variables - into:

model development presented in the previous section,
literals are associated first with statements derived 01 +d2+d3=1 (23)

from (2) as follows:
@ 2) Out of the two variables (input inductor current

X1 o oqt)=1 (12) and switch position) used for describing stafies
X, : 7System in state Sy’ (13) and Ss, only the value of the inductor current
X3 : ”System in state Ss” (14) (consequently the logical variablg) is useful

for discriminating between the two states.

X4 0 21 #0 (15) . . . .
Assuming the discrete-time representation of the
While (12) and (15) introduce basic statements thgbost converter, obtained by sampling the continuous
can not be represented by combination of any othgfodel (1) with a small sampling perid, making use
meaningful statements, (13) and (14) can be deco@¥the knowledge stated by relationship (22) and keep-
posed in terms of the literal&; and X4, according to ing in mind thats; is the logic variable associated with
the system functioning principles detailed in Section the switch position, the model of the boost converter

and summarized by (7), as: becomes:
Xo &~ X1 AN Xy (16) k1) = [le(k‘)—ngg(k)—l—i:xg(k)&(k)—&—
X3~ XiN~ Xy (17)
The propositional logic expressions involving the TLVQ} {01 (k) + [02(k) + 03(k)] 64(k)}
literals X; can be translated into a mathematical repre- T T
sentation by associating to each literal a binary variablg (k + 1) = —xz1(k) — Sx1(k)d1(k) + (24)
d; € {0,1} (the first step of the procedure). K, is ¢ ¢
true, thend; = 1, elsed; = 0. With this association, the <1 — T> xo(k)
logic expressions (16)-(17) become in terms of integer RC
variables: wherek is an integer number of sampling periods.

0o=1 <= [6,=0 A [5=1] (18) Expan_ding model equations (24) one can immt_—zdi—
Gs=1 <= [0=0] A [04=0] (19) ately notice the occurrence of product terms of logical

3 ! 4 variables and of continuous and logical variables. Pro-
Note that literals where replaced by their associategdures to transform these product terms exist, however
binary variables in the logic propositions in order tehey introduce auxiliary variables [7], [12].



Four new logical variables are introduced, with theurrent and the output capacitor voltage. Assume that
following definitions: the input inductor current is allowed to vary between 0
and I,,...., while the output capacitor voltage varies in

05 = 0204 (25) the rang€[V,in, Vinaz|. Under these assumptions, the
0 = 0304 (26) logic constraints in relationships (38) corresponding to
07y = 0105 (27) =z andzs are equivalent to:
68 = 61 : 66 (28) z1 < Ima:r(sl
and the associated propositional logic: 212 00
I proposiu gl P (39)
[55 - 1] — [52 = ]-] A [54 = ]-] (29) 21 Z T — Imaw (1 - 61)
06 =1 <= [63=1 A [la=1] (30) and
[57 = 1] <~ [(51 = 1] A [65 = 1] (31) Z3 E “jmax:;f)
z3 =2 minY5
bs=1] < [h=1 A [66=1] (32) e ey (1 6) (40)
which transforms to linear mixed integer inequalities: 23> T2 — Vinaz (1 = 05)
—Jy+385 < 0 Similar sets of constraints are obtained in the same way
—04 + 05 < 0 (33) also for the other variables.
So+8,—05 < 1 To represent the hybrid model in form (10) (third
step of the procedure), variables - binary and continu-
—03+d < 0 ous - are grouped in matrices. Defining
—64+d < O (34) "
03+04—0g < 1 X(k’) = [ ;El(k) :Zig(k) ] ,
—01 + 07 < 0 i (51(16) i - o) T
—65+67 < 0 (35) 0(k) ngg
01+05—07 < 1 53(k) Zg(k')
04(k
hi4% <0 () = | 10 |2 = | a(h)
—d6 + 0g < 0 (36) 66(k) z5(k)
01 +06—0g < 1 57(l€) Zﬁ(k)
k
Aside the four new logical auxiliary variables, seven | ds(k) | L #r(k)
auxiliary continuous variables are defined (second stepine system matrices become:
of the procedure):
A= 0 0 B;=0
z21(k) = x1(k)é1(k) I A e
zo(k) = x1(k)os(k
2<k> - 1<k>55<k> N AR
ZS()_‘T2()5() 2 0 00 0 0 0 0o 0|’
k) = k)or(k 37
Z4Ek; ngkggki - R A
= — L L L L
“ T B3_1000000}
Ze(k‘) = .Z'Q(k)é@(k‘)
z7(k) = xa(k)ds(k) C= [ 0 1 ]* Dy =0,Dp=0,D3=0.
which satisfy: For matrices appearing in the inequality con-
_ - - _ straint (11), the following partition has been chosen,
o1 =01= [z =01 , [0 =1]= [21 =] according to the origin of the conditions:
[65 = O] = [ZQ = 0} s [55 = 1] = [2’2 = .1‘1}
E, — { E2s } Eq— { Ezs ]
: E2z E3z
[0s =0] = [27 =0] , [6s =1] = [27 = 22](38) Ey— [ Ié45 } Eg — { E55 }
To transform the propositional logic involving the 4z 5z

continuous auxiliary variables into linear inequalities where
(see last row of Table 1), lower and upper limits are Eps € R'2*®, Egs € R12X7,
imposed on the state variableg i.e. the input inductor Eygs € R'2*2, Egg € R'2*!,



while

EZZ c R28X8, E3Z€ R28X7,
E4Z c R28X2, ESZ c R28X1.

[Ep, Osxs 0 0 0 0
0 Oux3 Ep, 0 0 0
0 Ouxs Ep,, 0 0
Ep;=| 0 Ous 0O 0 Ep 0
0 Ouxs 0 Ep 0 0
0 Osis 0 Ep 0 0
| 0 Ouns 0 0 0 Ep |
0 -1 0 0 1 0 0 0]
0 0 0 -1 1 0 0 O
0O 1 0 1 -1 0 0 0
0O 0 -1 0 0 1 0 0
0 0 0 -1 0 1 0 O
E._| 0 0 1 1 0 -10 0
221 -10 0 0 0 0 1 0
0O 0 0 0 -1 0 1 0
1 0 0 0 1 0 -1 0
-1 0 0 0 0 0 1
O 0 0 0 0 -1 0 1
1 0 0 0 0 1 0 -1 |

Egs = zeros(12,7), Eyg5 = zeros(12,2),
Eg3, = diag <E3z)'

E/42 Oux1 -

Er 1
Bqz Osa Egz
Osaa By Es,,
E4z= | Oua1 E/A,z Esz= | Es,, |,
E/42 Os4x1 Es,,
Oua  Eyy 5512
L Oux1 E4Z i - “Ows -

Ess=[00100100100 1],

_Imuw _Vmaar
E2Z1 = 0 ! E2$2 = _len !
Ima:v Vmaa:
1] [0
’ —1 ’ 0
B3, = 1 |’ B4z = 1 |’
~1 | -1
0 [ 0
0 0
E5x1 - 0 ! E5T2 - —Vmin
Iax L Vinax

V. SIMULATION OF THE BOOST CONVERTER

At the implementation stage an important issue
is that the resulting MLD model has to beom-
pletely well-posedthat is at each time instant the pair
(x(k),u(k)) should generate single-valuexik) and
d(k), otherwise the simulation is not feasible. Usually
this property of the hybrid system is guaranteed by the
way the inequalities (11) are generated [8]. For a for-
mal demonstration of this property, the valuesz(#)
andé (k) can be determined by solving\ixed-Integer
Feasibility Testwith respect to the constraints (11).
This test can be done efficiently by usibganch and
boundalgorithms [13], [14].

The MLD boost converter model was implemented
and simulated in Matlab. In order to verify the repre-
sentation accuracy, the output of the MLD model is
compared with the output of the real model (1).

The real model of the boost converter was im-
plemented in Simulink. The parameters of the boost
converter used in simulations are:

L =1mH, C = 100uF,
R = 2009, V, = 230V

Figs. 3 and 4 present respectively the variations
of the output capacitor voltag®; and of the input
inductor currenti;, when the position of the switch
was modified everntOusec (this corresponds to a duty
cycle of 0.5). The two figures are obtained via the MLD
model. However, the real model of the boost converter
provides approximatively the same result, illustration
of both curves on the same graphic being meaningless
for the chosen time span.

Output capacitor voltage (V)

200

L L L L L L L L L
0 0.002 0.004 0.006 0.008 0.01 0012 0.014 0.016 0.018 0.02

Time (sec)
Fig. 3. Output capacitor voltage

A detail of the output capacitor voltage is provided
in Fig. 5. The output of the MLD model is represented
by the continuous line, the output of the real model is
depicted by the dashed line, the maximum difference
between the two representations being of half a volt.



Input inductor current (A)

0
9] 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02

Time (sec)

Fig. 4. Input inductor current
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Fig. 5. Detail of the output capacitor voltage - MLD model

(continuous), real model (dashed)
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Fig. 5 verifies also the characteristic of the DC-DC
converters that the output oscillates with a frequency
equal to the switching frequency. Although the detalil
represented in Fig. 5 is taken from the transient re-
sponse of the boost converter, a pattern that repeats
every20usec can be observed. However the amplitude
of this oscillation is very small when compared g
range of variation, which makes practically the ripple
not noticeable in Fig. 3.

Fig. 6 illustrates the good correspondence between
the MLD and the real model for different operating
regions. The switching patterns have been modified
every(.02sec and they respectively correspond to duty
cycles of0.5, 0.4 and0.6.

In Fig. 7 the transitions between the three states
defined in Section Il is shown. Staf§ is represented
in the top subgraphS; is represented in the second
subgraph and; is represented in the bottom subgraph.
The transitions between the three states occur as de-
scribed in Section Il. The data plotted in this figure
was collected during the transient response of the boost
converter, when stat§; occurs.

N

[ — 4
6.84 685 686 687 688 689 69 691 692 693 694 6.95

IVE Vo

1A — = —T —T —

6.84 685 686 687 688 689 69 691 692 693 694 6.95
-3
10

1F = — = —

6.84 685 686 687 688 689 69 691 692 693 694 6.95
Time (sec) x107°

Fig. 7. State transitions

VI. CONCLUSION

In this paper a MLD model was developed for a
boost converter. The MLD representation accuracy was
verified against the response obtained from the real
model of the boost converter. The simulation results
show a very good correspondence between the two
models.

From the complexity point of view, the real model
consists in two differential equations involving two
state variables and one integer input variable for each
of the three possible working situations, while the
MLD model described in this paper has 8 integer

Fig. 6. Output capacitor voltage for various switching patternd/@riables, 7 continuous variables and 40 inequality

MLD model (continuous), real model (dashed)

constraints. In this light, building minimal MLD mod-
els is of great importance. However, in spite of the



high complexity that MLD development could lead[7] A. Bemporad and M. Morari, "Control of systems integrating
sometimes to, it provides a unified framework for mod-

elling and control of hybrid systems which explicitly 4
takes into account all possible functioning modes 01L

the system rather than controlling them separately and

interpolating between them.
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