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Abstract: In this paper analytical solutions of the currents when a three-phase, six-step voltage-source inverter (VSI) is
feeding an induction motor (IM), are presented. Explicit analytical expressions of the steady-state current of the motor
and of the input current of the inverter and of its switching elements are derived instead of using numerical solution
methods. To check the validity of the presented analytical solutions, the results obtained of the motor currents and of the
currents of the switching elements of the inverter were compared with previously published results, and the two sets of

results were found to be identical.
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1. Introduction

Induction motor drives are widely used in
industry because of their advantages; such as their
simplicity, ruggedness, low cost and good self-
starting capability. The speed of the induction motor
can be controlled by applying variable-frequency,
variable-magnitude AC voltage to the motor. Both
voltage-source and current-source inverters are used
to control the speed of the induction motor. A motor
fed from a variable-frequency, six-step voltage-
source inverter exhibits different behaviour compared
to the behaviour when it is operating from a
sinusoidal voltage source. When inverters are used,
the supply current waveform is nonsinusoidal with
harmonic content. These harmonics are noticeable at
low speed and causes speed oscillations. By
controlling the switching elements of the voltage-
source inverter, the applied voltage to the induction
motor can be controlled.

A lot of attention was given to voltage-source
inverters, control of three-phase induction motors
and voltage-source inverters /induction motor
systems [1-16].

In previous investigations, numerical methods
were usually used to obtain the performance of the
three-phase voltage- source inverter when feeding an
induction motor [3-15], and the steady-state
performance of the system was obtained by passing
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through the transient performance first, and was not
obtained directly [3,5,8,9] .

In this paper, direct analytical expressions at
steady state for the currents of the motor which is fed
from a six-step voltage-source inverter and for the
currents of the switching elements of the inverter,
and for the current of the supply feeding the six-step
inverter are derived.

2. Method of analysis

At steady state and any speed, the equivalent
circuit per phase of the induction motor is as shown
in Fig. 1 [10]. If, from Fig. 1, the corresponding
equivalent resistance of the motor is R., and the
corresponding equivalent reactance is X, then:

X 2Rjs

R, =R+ , (1
U RP 52X, + X))
and
R +57X (X, +X,)
X=X +—2—— =X 2)
Ry +s7(X,, +X,)
Rl le ]X
——AM—
JX '
U % R,
s
Y
Fig. 1 Induction motor equivalent circuit.
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If the phase angle of the motor at any slip, s, is
assumed to be [, then:
tan(g) =X, /R, 3)
A three-phase, six- step inverter feeding a three-
phase induction motor is shown in Fig. 2 in which
thyristros are used as switching elements [2,3,5,8,12]
which are shown as T,, T,, Ts,..Ts. With each
thyristor an inverse parallel diode is connected.
These diodes are shown in the figure as D;, D,,
D3,....D6 .
Uy and i4 are the input supply DC voltage and
current of the inverter.

B

Udl ia}< Tjﬁ’;,@
D4 DG % i(
Loy T } T, P

ig
Fig. 2 Voltage-source inverter / induction motor system.

2.1 Motor currents

Fig. 3 shows typical steady-state waveforms of
the output voltage and current of each phase of the
six- step inverter when feeding an induction motor
for phases (a), (b) and (c¢) of the motor [16].

The waveforms of the currents of phase (b) and
phase (c) of the motor will be similar to that of phase
(a) of Fig. 3, but shifted by 120° and 240°
respectively from that of phase (a).

In Fig. 3 the angle vy is the angle at which the
current of phase (a) will reach zero from a negative
value.

For a cycle of 360°, the conducting elements of

diodes and thyristors of Fig. 2 will depend on the
period under consideration. These are six periods
each period will take 60°.
The conducting elements corresponding to this
sequence are given in Tables 1, 2 and 3. In these
tables either a diode or a thyristor will be conducting
depending on the period under consideration with the
angle vy denoting the angle at which i,(wt) reaches
zero starting from wt= 0°,0r starting from ot= 180°.
Table 1 shows the conducting elements
corresponding to phase (a), Table 2 shows the
conducting elements corresponding to phase (b), and
Table 3 shows the conducting elements
corresponding to phase (¢).
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2.1.1 Period 0° < ot <60°

During this period, for phase (a), D; will be
conducting for (0° <ot < ), and the switching
element T will be conducting during (v < ot < 60°),
Table 1, and the instantaneous motor current of this
phase is related to its phase voltage by the equation:

di,(wt)

(wt)+L, " “4)
The currents (i,, i, and i) in this period, ( 0° <ot <
60°),will be denoted by i,y, iy, and i;.
u,(wt) in Eq. (4) during this period (0° <ot < 60°),
Fig. 3(a), is:

u(l(a)t) :Reia

U
ua(a)t)sz

Substituting this value of u,(ot) in Eq.(4) with i,(ot)
replaced by i,(®t), and solving the resulting
equation , the following equation is obtained:

U U, . -
i (@ 1) ==L 4 [i g -4 ]e™@ L COLP

3R, 3R,
or
a1 (@ 1) =y +[i g —kyJe @ 1O 5)
where k, Ya

e
To get the angle at which i,,(wt) reaches zero i.e. the
angle v, the following equation should be solved
numerically:

O=rky+[i,0—k]e
120 In Eq. (5) is the initial value of the phase (a)
current at ot = 0, and its expression will be
derived later.

-y cotp

< 60°) , for
phase (b) the switching element Tes will be
conducting as shown in Table 2, and an equation
similar to Eq. (4) can be obtained as :

During the same period , (0° Swt

di, (o)
dt
From Fig. 3(b), during this period:
22Uy
3
Thus, solution of Eq. (6) is obtained as:
—-ot cotg

Uy (a)l‘)=Rel'b (a)t)+Le

(6)

up (o t)y=

ipi(@t)==2k; +[ipo +2k;]e (7)

ipo in Eq. (7) is the initial value of the current of
phase (b) at ot = 0, and its expression will be
derived later.
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Fig.(3) Voltage-source inverter output phase voltages and the corresponding motor phase currents.
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Period 0°-y y-60° 60°-120° 120°- 180°- (y+180°)- 240°- 300°-
180° (y+180°) 240° 300° 360°
Firing 561 561 612 123 234 234 345 456
Sequence
Conducting | D, _ _ _ D4 _ _ _
Diodes
Conducting _ Tl Tl T1 _ T4 T4 T4
Thyristors
Table 1 The conducting elements corresponding to phase (a) during a cycle.

Period 0°-60° 60°-120° 120°- (w+ | (y+120°) | 180°- 240°- 300°-(y+ | (y+300°)

120°%) -180° 240° 300° 300°) -360°
Firing 561 612 123 123 234 345 456 456
Sequence
Conducting | _ D; _ _ _ D¢ _
Diodes
Conducting T(, T(, _ T3 T3 T3 _ T6
Thyristors

Table 2 The conducting elements corresponding to phase (b) during a cycle.
Period 0°-60° (60°-y (y+60° - 120°-180° | 180°- 240°- (y+240°) | 300°-
+60°) 120°) 240° (y+240°) | -300° 360°

Firing 561 612 612 123 234 345 345 456
Sequence
Conducting | D, _ _ _ D; _ _
Diodes
Conducting T5 _ T2 T2 T2 _ T5 T5
Thyristors

Table 3 The conducting elements corresponding to phase(c) during a cycle.
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For phase (c) during the same period, (0° <wt <
60°), the switching element Ts, Table 3, will be
conducting.

Thus, for phase (c¢) of the motor, the following
equation is obtained:
di,(ot)

dt
where, referring to Fig. 3(c):

u.(ot)=R,i (ot)+1L,

®

uc(a)t)=UTd

Thus solution of Eq. (8) can be obtained as:
i(@ 1) =k +[i,y —k ] @1 O )

ico 1S the initial value of the current of phase (c) at
ot=0, and its expression will be derived later.

2.1.2 Period 60° < ot < 120°

During this period, for phase (a), the switching
element T, will be conducting for (60° < ot < 120°),
Table 1, and the instantaneous motor phase current is
related to its phase voltage by an equation similar to
Eq. (4).

The currents of phases (i,, i, and i.) during this
period will be denoted by i, iy, and ic,.

The value of u,(wt) during this period ,Fig. 3 (a),
is:
20U,

3

Thus, the expression of the current i,(wt) during
this period, which is ip(wt), can be derived by
substituting this value of u, (ot) in Eq. (4), with
i,(wt) replaced by in(wt) to get the corresponding
equation which when solved will give:
igp(@1t)=2k +(i,(/3)

ok )e—(a)t—ﬁ/3)cot¢
1

u,(wt)=

(10)

where 1i,(n/3) in this equation can be obtained
from Eq. (5) as:

ig(m/3) =k, +[iz—k]e
Therefore, Eq. (10) becomes:

iy (@ 1) =2k, +[(i,o — ky)e 7/ 3)o0td
—~(wt-7/3)cotd

(=7 /3)cotg

(11)
For phase (b), the switching element Tg, Table 2,

will be conducting during this period.

The equation of i, (wt) will be similar to Eq. (6), with

“Ys from Fig. 3 (b).

u,(wt)=

Thus the expression of iy (mt), can be derived as:

iy (@ t)=—ky+(iy (7/3)
+k1)e—(a)t—7r/3)c0t¢

where ip,(7/3) in the above equation can be obtained
from Eq. (7) as:

" 2k1]e_(” /3)cotg
Thus Eq. (12) becomes:

(12)

iyy(@t)=—k; +[(iy 12k, )e {7/ 3)cotd

—(wt —7m/3)cotgp (13)

—kle
For phase (c), during this period, the diode D, will be
conducting during the period (60° <wt <y+60°), and
the thyristor T, will be conducting during the period
(y+60° <wt <120°) as given in Table 3.

Thus, for phase (c¢) with u, (@ t)= [3]”’ , Fig. 3 (¢),

and using an equation similar to Eq. (8) the
expression of i (ot) in this period, (60°<wt <120°),
which is i.; (ot), can be derived as:

iey(@1)=—ky+ (i, (7/3)

—(wt—7m/3)cotg (14)

+k)e
where i.; (7/3) in the above equation is obtained from
Eq. (9) as:

icl(ﬂ-/3):k1 +[ico —kyle
Therefore Eq. (14) becomes:

i,a(@1) = —k, +[(i,, —k,)e VT30
+ 2k1]e—(a)t—7r/3)cot¢

—(z/3)cotg

(15)

2.1.3 Period 120° < ot <180°

During this period, for phase (a), the thyristor T,
will be conducting for (120°<wt <180°) and the
instantaneous motor current is related to its phase
voltage by an equation similar to Eq. (4).

During this period, (120°<wt <180°), the phase
currents (i, i, and i) will be denoted by 1,3, 1,3 and

1c3.
The value of u,(owt) during this period ,Fig. 3 (a),
is:
Uy
u,(wt)=——
al@1)==

Thus, the expression of i,3(®t) can be derived by
substituting this value of u, (wt), with i,(wt) replaced

102



Journal of Electrical Engineering ISSN 1582-4594 - Vol 21 No 2 (2021)

by i, (ot) in Eq. (4). Solving the resulting equation
the following equation is obtained:
ig3(@ )=k +[in(27/3)

(@1~ 27/ oty (16)
1
where i,, (211/3) is obtained from Eq.(11)
i, (2 13) =2k, +[(i g —kp)e 7/ Ic0LP
_kl]e—(ﬁ/3)cot¢
Therefore, Eq. (16) becomes:
i 5(@ )=k +{[(1, —k,)e”F/3)cotd
_kl]e—(ﬁ/3)cot¢ a17)

+k1}e_(w t — (27 /3))cotg

For phase (b), the diode D; will be conducting during
the period (120° Swt < y+120°), and the thyristor T;

will be conducting during the period (y + 120°Swt <

180°).

The value of uy(wt) during this period is:
U

up (wt) = Td

Using an equation similar to Eq. (6) the current of
phase (b) can be derived as:
ip3(@ 1) =k +[iy,(27/3)

(@t —@r/3)cotg (18)
where ip(27/3) can be obtained from Eq. (13) as:
iy (27 3) ==k, +[(iy +2k )T/ 3 c0td
—kl]e_(” /3)cot g
Therefore, iyz(wt) is obtained as:
ip3(@ 1) =y +{[(iy o + 2k e (7 /3 0td
_kl]e—(ﬂ'/3)cot¢ (19)

_2k1}e—(a)t —(27/3))cot @
For phase (c) the thyristor T, during this period,
(120° =wt < 180°), will be conducting.
Using an equation similar to Eq. (8) with

The current for phase (¢) during this period, (120° <w

t < 180°), is obtained as:
iy(@t)==2k +[i,(27/3)

_(27/3))cotd (20)

+2k1]e_(a)t

where i2(2n/3) in the above equation can be obtained
from Eq. (15) .
i (2m /3y =k, +[(i,, — kl)e_(” /3)cot ¢

+2k1]e—(ﬂ'/3)00t¢

Thus, the expression of ic;(wt) is obtained as:
i3 (@ 1) =2k, + {[(i,o— k;)e 7/ cote
1 2k,1e{ 77/ 3oty

+k1}e_(w t—Q2r/3))coty

It should be noticed that the currents obtained for
the period 0 < ot < 180° are identical in magnitude
with the current for the period from 180° < ot <
360° but with a reversed sign.

e2))

2.2 Currents of switching elements and of supply
to the inverter
Referring to Fig. 2 the following is obtained.

2.2.1 Period (0<ot<y)

During this period the switching elements D, Ts
and T4 are conducting while the switching elements
Dz, D3, D4, Ds, DG, Tl, Tz, T3 and T4 are not
conducting.

Thus, in this case, Fig. 2:
Ip1==ig="lg

iTS = ic = icl

ire==lp =~lp

Thus, from Eq. (5):

ipy =iy =k ~[igy ke @ ! O (22)
and from Eq. (9):
irs =ip =k +[ig, —k ] @1 OO (23)
and from Eq. (7):
iT6:_ib1:2k1_[ib0+2k1]e_wt cot¢ (24)

The supply current of the inverter, iy in Fig. 2, which
will be denoted by i4; during this period, is obtained
as :

lg1 =176 =1

Therefore:

ig1 =iy =2k ~[ipg +2k ]! cot§ (25)
2.2.2 Period (y < 0t <60°)

During this period the thyristors Ty, Ts and T are
conducting while the switching elements D;, D,, Ds,
D, Ds, Dg, Ty, T3 and T4 are not conducting.

In this case, Fig. 2:
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Ir1=ig =g

iTS :ic :icl

ir6==lp =~lp

Therefore, from Eq. (5) :

—-®t cotg

iy =ig =ky+[i,o—kle (26)
and from Eq. (9):

. . . -wt cot

irs =i =ky+[i,, —k]e @i cotg (27)
and from Eq. (7):

. . . -wt cot

ipe=—iy =2k —[iyo+2k ] " ¢ (28)

The supply current of the inverter during this
period, i4;, is obtained from:
lg1=ire =l
Therefore:

. . . -wt cot
2.2.3 Period (60°< ot <y + 60°)

During this period the switching elements T;, D,
and T are conducting while the switching elements

D], D3, D4, D5, D(,, Tz, T3 . T4 and T5 are not

conducting.

Thus, in this case, Fig. 2:

ir) =1, =1y

iD2 :ic :ic2

Ire="1p ==lpy

Therefore, from Eq. (11):

. . . —(7/3)cot

ir) =igp =2k +[(i,0 —ky)e (r/3cote (30)
_kl]e—(a)t—ﬂ/3)cot¢

and from Eq. (15):

. . . —(7 / 3)cot

ZDZZZCZZ_k1+[(Zco _kl)e (ﬂ- )CO ¢ (31)
+2k1]e—(wt—7r/3)cot¢

and from Eq. (13):

ipg=—ips =k —[(iyy +2k )e T/ 3OS

r6 ="lpa =ky —[(ipo +2k)) (32)

—kl]e_(a) t —7x/3)cotp

The supply current of the inverter during this
period, which will be denoted by ig, is obtained
from:

lgo =ir1 =ig

Therefore:

igo =2k +[(i,0—k)e
_kl]e—(a)t—ﬂ/3)cot¢

—(7/3)cotg
(33)

2.2.4 Period (y+ 60°< ot <120°)

During this period the thyristors T}, T, and Ty are
conducting while the switching elements D;, D,, D;,
D,, Ds, D, T3, T4 and T are not conducting.

Thus, in this case, Fig. 2:

iTl = ia = ia2

Iry=—l. ==l

ire=—1p ==lpy

Therefore, from Eq. (11):

Iry =iy =2k +[(ig _k1)e_(”/3)COt¢

_ kl]e_(a)t_ m/3)cotd

(34)
and from Eq. (15):
iry ==l =k =[(ig _k1)e_(ﬂ/3)00t¢ 35)
_2k1]e—(a)t—7z/3)cot¢
and from Eq. (13):
. . . —(7/3)cot
iy =—iys =k —[(iyg +2k;)e F/ 309 56

—kl]e_(w t —m/3)cotd

The supply current of the inverter during this period,
142, 1S obtained from:
lg2 =ir1 =iy
Therefore:
igy =2k +[(i,0—ky)e
k ]e—(a)t—ﬂ/3)cot¢
— Ky

—(7/3)cotg

(37

2.2.5 Period (120°< ot < y +120°)
During this period the switching elements Ty, T,
and Ds are conducting while the switching elements

D], Dz, D4, D5, D(,, T3, T4 . T5 and T(, are not
conducting.
Thus, in this case, Fig. 2:
ip) =i, =143
iT2 :_ic :_ic3
ip3==ip =~Ip3
Thus, from Eq. (17):
iry =ig3 =k +{[(a0 —kl)e_(ﬂ/3)00t¢
—kl]e_(” /3)cot g (38)
+k1}e_(w t—Q2r/3))coty
and from Eq. (21)
7
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iy =iy =2k, —{[(ig—k )l 7/ ot

+ 2k1]e(_ﬂ'/3)cot(0 (39)
+k1}e_(w t —(2z/3))cotg
and from Eq. (19):
ipy=—iys =k —{[(iyg +2k;)e T/ 3)c0LP
—kl]e_(”/3)COt¢ (40)

—2k1}e_(w t —(27/3))cotg

The supply current of the inverter during this period,
143, 1S obtained from:

g3 =ity ="lc3
Therefore:

ig3 =2k, - {[(ico—kl)e(_”/3)00t(0
12k, 1677/ oty
—(wt = (27 /3))cot g

(41)
+kije

2.2.6 Period (y +120° < ot < 180°)

During this period the thyristors T;, T, and T; are
conducting while the switching elements Dy, D, Ds,
D,, Ds, D, T4, Ts and T are not conducting.

Thus, in this case, Fig. 2:

i1 =ig =i

iy =—l. =~

ir3 =iy =ip3

Thus, from Eq. (17):

iry =ig3 =k +{[(,0 —k1)e
e—(ﬂ/3)cot¢

—(7/3)cotg

—k]
+hy} (@1 —=(Q271/3))cot ¢ )
and from Eq. (21)
ipy =—i.3 =2k, —{[(ico_kl)e(—ﬂ/3)cotgp
+2k1]e(—77/3)00t(p
+k1}e‘(0) t —(27/3))cotg )
and from Eq. (19):
ips =iy =k +{[(ipg + 2k )e 7/ 3)c0td
—k, 1~ (7 /3)cotd )
ok e(@ 1 =27/ 3)cotg

The supply current of the inverter during this period,
143, 1S obtained from:

g3 =iry =~lc3
Therefore:

. . -/ 3)cot

ig3 =2k - {[(lco—k1)e( 7/ 3)coty

+ 2kl]e(—ﬁ /3)cote

+ kl}e_(w t—2r/3))cotg 45)
If the same procedure followed above is used the
supply current to the inverter will be:

for period 180° < wt < 240°, igy = ir3

for periOd 240° <ot< 300° , idS = iT4

for periOd 30005 ot < 3600 , id6 = iTS

2.3 Determination of initial currents

The initial current of phase (a) of the motor is i,
thus, from Fig. 3(a), and since i,(0) = i, and
1(T0)= - 1,9, then:

ial(o):iao and ia3(T[) == iaO

Thus from Eq. (17) of i,3(wt):

iaB(ﬂ):kl + {[(iao —kl)e_(”/3)00t¢
_kl]e—(ﬁ/3)cot¢

+k1}e(_ﬂ/3)00t¢ _

(46)

a0

Therefore the expression of the initial value of the
motor current for phase (a) (i) is obtained from (46)
as:

kl(e—ﬁcot(é +e—(27[/3)cot¢ _e—(ﬂ/3)00t¢ ~1)

Lgo =

1+e—7zcot¢

(47)
If the above procedure is applied to phase (b), and
using Eq. (19), the following is obtained:
ip3(m) =k +{[(ipo + 2/‘1)@_(” /3oty k1]e_(ﬂ [3cotd

Thus, the initial value of the motor current for phase
(b) can be is obtained as:

kl(—2e_”00t¢ +e—(27r/3)cot¢ +2e—(7r/3)cot¢ _1)

—mcotg

Ipo =

l+e

(43)

For phase (c), and using Eq. (21), the following is
obtained:

i3 () =2k, +{[(G,o— k)& TR Lo (/3 cote
+ kl}e(—ﬂ/S))cot¢ _—

Thus, the initial value of the motor current for
phase (c), ico, can be is obtained as:
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kl(e—ﬂcotqﬁ _26—(27r/3)cot¢ _e—(ﬁ/3)cot¢ +2)

1
<0 1+e—7rcot¢

(49)

3. Results

To validate the performance equations derived in
Section (2) for the system composed of a three-
phase, six—step voltage source inverter and a three-
phase induction motor, whose parameters are given
in Appendix (A), the three- phase motor currents and
the currents of diodes and thyristors were computed
from the analytical expressions derived. The results
obtained are compared with corresponding results
given in reference [16].

In the following results the motor phase angle is

considered to be [ =30°.
Fig. 4 shows the results of the steady-state current
waveform of phase (a) of the induction motor, [Egs.
(5), (11) and (17)] together with corresponding
results in reference [16].

Fig. 5 shows the comparisons between results
obtained from the analytical expressions presented,
and the results obtained from reference [16] for the
steady-state waveforms of the currents of diodes D,
and D, shown in Fig. 2.

Fig. 6 shows the comparison between the currents of
thyristors T, and T4, shown in Fig. 2.

It should be noted that the waveforms of currents
of diodes D5 and D5 will be identical to the current of
diode D, shown in Fig. 5 but shifted from the current
of diode D; by 120° and 240° respectively. The same
shift applies to currents of thyristors T; and Ts with
respect to the current of thyristor T;.

The waveforms of currents of diodes D¢ and D,
will be identical to the current of diode D4 shown in
Fig. 5 but shifted from the current of diode D, by
120° and 240° respectively, and the same shift applies
to thyristors T and T, with respect to thyristor T,

It is evident from Figs. (4),(5) and (6) that the
results obtained from the proposed analytical
expressions are identical with the corresponding
results in reference [16]. Therefore, the instantaneous
supply current to the inverter, [Eq. (25), (33) and
(41)] with the motor at a slip s, that will give a phase
angle of [1=30° for the motor , and an input
impedance of Z,,= 10 Q is shown in Fig. (7).

4. Conclusions
In this paper, explicit closed-form analytical
solutions for the currents of the system composed of

a three-phase six-step voltage-source inverter and a
three-phase induction motor are presented.

The obtained expressions are at steady-state for
the currents of the motor, of the switching elements
of the inverter and of its input current.

These expressions can be used to obtain directly
the performance characteristics of the system under
consideration.

5. List of symbols

R, R, Induction motor stator and rotor
resistances per phase, respectively,
referred to stator.

X1, X, Induction motor stator and rotor leakage
reactance per phase, respectively, referred
to stator.

X Induction motor magnetizing reactance
per phase.

U Induction motor terminal voltage per
phase.

s Induction motor slip.

® Fundamental angular frequency of the
supply

6. Appendix (A)

The induction motor used in the system is a three-
phase, 7500-W, 400-V, 50-Hz, 16-A, 4-pole
induction motor with the following parameters:

R =060, X;=09425Q, R,= 04Q, X,=
2.325Q and X,,=37.7 Q.
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