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Abstract: In this paper a problem of energy
optimization of a double stator induction motor
(DSIM) is considered. Using the concept of a rotor
field oriented control (RFOC); the DSIM Blondel-
Park model is used as dynamic constraints in an
optimal control problem. A cost function consisfs o
linear combination of magnetic energy, copper
losses and mechanical power is minimized in order
to find minimum-energy rotor flux trajectories.
From calculus of variations a system of nonlinear
differential equations are obtained, and analytical
solutions are achieved in the case of accelerate an
decelerate mode of the DSIM speed. These
solutions gave during the two modes a time varying
trajectories of a minimum-energy rotor flux. These
trajectories are implemented in the optimal rotor
flux oriented control (ORFOC) of the DSIM and
compared to the conventional RFOC at different
dynamic regime of the DSIM. Simulation results
are given and improved the effectiveness of the
proposed strategy.

Keywords: double-star induction machine; field-
oriented control; optimal control, energy
minimization; dynamic regime.

1. Introduction

The theme of current research in the control of
(DSIM) operating at variable speed is the energy
optimization control. The induction motor is less
efficient in terms of energy than the synchronous
motor. It is that this machine requires stator
currents continuously even in null torque to
maintain the rotor flux. This increases substalytial
losses in rotor and stator. In this context, the
literature like [7], [10], [13] and [14] addressibds
problem in two aspects:

e maximization of the torque

e maximization of the efficiency

We are interested in this study to the second aspec
because it is the most considered in embedded
systems [8] and [11].

Despite significant progress, we still seem to texis
significant opportunities for improving the cost
function, by intervening in their operating
principles particularly at variable speed and their
control laws. This is so, we are interested in
extending a hand to the principle of minimizing
energy consumption of the DSIM and secondly to
use the rotor flux instead of the iron flux [15].

In this paper a strategy of optimizing energy df th
DSIM in transitory regime using calculus of
variation theory is developed. An integral function
is considered and decomposed into a weighted sum
of power-energy of the DSIM for a given time
interval. This function called the cost function
[R.A] will be constrained to boundaries conditions
and to rotor flux and motor speed dynamical
equations which are developed from the DSIM
transient model in a turning (d,q) reference frame
[6]

Using the Euler-Lagrange to resolve the proposed
Optimal Control Problem (OCP), an optimal rotor
flux is giving. This solution provides the lowest
IM's energy consumption along the given motor
speed range. To solve this problem, an important

mathematical background is needed.

2. Nomenclature

R,: Stator resistances,
R,:Rotor resistances,

L: Stator inductance,



Lgy:Principal cyclic stator inductance,

L,:Rotor inductance,

M,,: The mutuel inductance,

p: the poles number

Vi1, Vsp:Respectively the voltage of stator 1 and
stator2,

Is4, Is;:Respectively the current of stator 1 and
stator2,

9., 9 ,:Respectively the flux of stator 1 and
stator2,

V.: The rotor voltage,
I. : The rotor current,

¢ :The rotor flux,
r

Cem:The electromagnetic torque,
C.:The load torque,

k;: The load torque constant,
Jm:The moment of inertia,

g: The slip;

o.:The rotor speed,

ws:The stator frequency,

og: The slip speed,

Q: mechanical speed

3. Modeling of the DSIM

From the end of the 1920s, the machines with two
three-phase windings in the stator were introduced
to increase the power of synchronous generators.
The DSIM requires a double three-phase supply
and has many advantages. Not only does give
reduced torque oscillations, but it also requiess|
powerful electronic components as the current
flowing in a six-phase machine is less than that
flowing in a three-phase machine. However, as the
use of an inverter is necessary when feeding a
double star induction machine, this may result in
supplementary losses, since such an inverter is a
harmonic generator.

The double-star induction motor consists of a
and two

standard simple squirrel-cage rotor

separate three-phase stator windings. The windings
of the DSIM are shown in Fig.1.
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Figure 1:Representation of the winding of the
MADE

The mathematical model of the machine in the
natural frame is written as a set of state equation
as follows:

V] = [R][15y] + 2] (1)
[Vs] = [R][I5,] +482] )
Vi) = [RA[1,] + 42 3)
With :
Vel = Veral  [Vsin]  [Vsicl”
V2] = [Vezal  [Vszn]  [Vsacl®
Vel = Vol [Vip]  [Vie]'
] = (sl [en]  Osacl”
o] = [zl [Iezn] szl
(] = [l [ip] [’
[0s1] = [Ps1a]  [Ps10]  [@sc]"
[0s2] = [0s2a]  [Ps20]  [@s2c]”
(0] = [0ra]  [@rn] [@r]"
R, 0 0 R, 0 0
[RJ=|0 Rs Of;[R;]=]0 R, O
0 0 R 0 0 R,




The stator and rotor flux are expressed by equstion
as follows:

[@s1] = [Ls]lIsa] + Mgz ][Is2] + [Msy,1[1:1(4)

[0s2] = [Ls]lIsz] + [Msp1[Isa] + [Ms2, 1[1:1(5)

[or] = [Le][I] + Mg ]([Is1] + [Is2]D (6)

With:
_Ls + Lms _Lms/z _Lms/z ]
Lo = Thms/y Lyt Ly T/,
Lms/z _Lms/z Ls + Lis]
_Lr + Lmr _Lms/z _Lms/z ]
Ll =| 7hmsfy Lt Ly s/,
_Lms/z _Lms/z Lr + Lmr-
[Ms1,]
[ cos(8;) cos(0; + 2“/3) cos(0; + 4“/3)]

cos(8,)

= Mg, I cos(8; + 4“/3)
cos(0; + 4“/3)

cos(8; + 2“/3)|
lcos(Gl + 2“/3)

cos(8;) ]

[Ms21] = [Ms12]
[ cos(ay)

= Luns I cos(ay + 4“/3)
lcos(al + 2“/3)

cos(ay + 2“/3)
cos(oy)
cos(ay + 4“/3)

cos(ay + 4“/3)]
cos(ay + 2“/3)|
cos(ay) |

[MSZr]
cos(0;) COS(ez + 2ﬂ/3)

= My, [cos(0, + 4“/3) cos(6,)
cos(8, + 2“/3) cos(8, + 4“/3)

cos(8, + 41'[/3)
cos(0, + 2“/3)
cos(0;)

M, : the maximum value of the coefficient of the
mutual inductance between the stator and the rotor.
L, : the maximum value of the coefficients of the

mutual inductance of the rotor.

L,s : the maximum value of the coefficients of the

mutual inductance of the stator.

The mechanical equation is given by:

da
]ma = Cem — C; (7)

Where

C,is chosen proportional to the motor speed.

3.1. Park model of the DSIM

Park model is based on a transformation of three-
phase system of axes (a, b, c) to an equivalent two

phase system of axes (d, q).
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Figure 2: Park transformation

In this work, we use the reference frame linked to
the rotating field, for the modeling and the cohtro
of the DSIM. In this case, the model of the DSIM

becomes:

Vsar = Rslsqr + %%dl — WsPsq1 8)
Vsq1 = Rslsqr + %‘psql + WsPsa1 9
Vsaz = Rglgar + %‘Psdz — WsPsq2 (10)
Vsqz = Rslsqz + %‘pqu + WsPsaz (11)
0 =Ryirq + %‘Pm — WgPrq 12)
0=Ryirq + %qu + WyPrq (13)

By applying the transformation of Park to the flsix’
equations, we obtain:

. 3. . . 3.
@Ysar = Lsisq1 + ELmslsdl + ELmsLst + EMsrer (14)

. 3 . 3 . 3 .
Psq1 = lesql + ELmsqul + ELmslqu + EMsrqu (15)



. 3 . 3 . 3 .

@saz = Lsisaz + ELmslst + ELmslsdl + EMsrlrd (16)
. 3 . 3 . 3 .

Psqz = lesqz + ELmsquZ + ELmslsql + EMsrqu (17)

. 3 . 3 :
Prag = LTLTd + EMsrLsdl + EMsrlst (18)

) 3 . 3 .
(prq = LTLTq + EMsrlsql + EMSTLSCIZ (19)

The electromagnetic torque is given by the

following equation:

Cem = p((psdlisql + (pstiqu - (psqlisdl +

(psqzisql) (20)

It can be described also as:

3
2

Cem = Msrp (¢rd(i5q1 + isqz) + ¢rq (isdl +

) @)

4. The principle of field-oriented control (FOC)
approach to the DSIM

Field Oriented Control represents the method by
which the rotor flux is considered as a basis for
creating a reference frame for one of the other
fluxes (stator or air gap) with the purpose of
decoupling the torque and flux producing

components of the stator current. The best way is t
confuse the vector space with its direct component

as followip, = @,qande., = 0.

The model of the DSIM in the (d, q) reference

becomes then:

. d
Vsar = Rglgar + ;‘psdl — WsPsq1 (22)

. d
Vsql = Rslsql + E(psql + WsPsa1 (23)

. d
Vsdaz = Rslsgr + Eﬁasdz — WsPsq2 (24)

. d
Vqu = Rslsqz + E(psqz + WsPsaz (25)

. d

0=Ryirg+ E‘pr (26)
0 =Ryirqg + WgPra (27)

With the same way, we define the expressions of

flux:
. 3 . 3 .
@Ysa1 = Lsisq1 + ELmsLsdl + ELmsLst (28)
. 3 . 3 . 3 .
Psq1 = lesql + ELmsqul + ELmslqu + EMsrqu (29)
. 3 . 3 .
@Ysaz = Lsisaz + ELmslst + ELmslsdl (30)
. 3 . 3 . 3 .
Psq2 = lesqz + ELmslqu + ELmslsql + EMsrqu (31)
3 . 3 .
Pra = EMmrlsdl + EMsrlst (32)
. 3 . 3 .
0= Lrqu + EMmrlsql +EMsrlsq2

(33)

The electromagnetic torque can be written as

follows:

Cem = %Msrp (¢rd(isq1 + isqz)) (34)

5. Full-order dynamic model of DSIM

The full-order model of the DSIM viewed from the
synchronous rotating reference frame is given by

the following system [1]:

is(d,q) = _(VI + (,0 + pQ)])Is(d,q) (35)

(pr(d,q) = _(al + p])(pr(d,q) + bl (36)

LQ = _ﬁ Y (37)
Jm  Im

I — Isld"’lszd — Isd
@D T\ I + g/ \sq

o) e~ o
c,=1- ) =('md
? (LFLSP raa (prq

= ! R+ R
Y s+ olg\ * L2 T

=y 1l =10 ol



vV — (Vsld + Vde) — <V5d>
s Vslq + Vqu Vsq
5.1. Reduced model of the DSIM

The stator current is taking as an input control of
the system .A high gain control current loop is
chosen in order to simplify the optimization
algorithm efficiency [1]. Such choice permits to
apply a reduced order current fed DSIM model; the

current loop is given as: [6]

e (U (38)

Vsa = sda)

with:

oy (lsia t Iszd)
U= (UZ) - (Islq + Iqu
Which 0 < ¢ < 1 and Uis a new command of the
system. By allowing for this control, the reduced
model can be obtained via the “singular
perturbation theorem” [15]. This involves from
(35), (36), (37) and from (2.1), a reduced model of
the DSIM is built as follows:

qor(d,q) = _(al + p])(mor.(d,q) + bU (39)

. K, cUt

g K, Uleraa (40)
Jm Jm

6. Energy model of DSIM
The instantaneous active power in the (d-q) rogatin

frame is given by:

P = 3/5 (Vo) Tsca) (41)

From equation (35), (36) and (37) the input power
is given by:

P, =3/5 (01Ls + 0aLyp). ((is(d,q))t(ls(d,q>)) +
. t
Y- ((Is(dm) (Is(d.q))) -
Zna ((‘Pr(d.q))t(ls(d,qﬂ) + P91 Nsao)

(42)

The relation between the stator and rotor current
can be given as follows:

Ir(d,q)=Lir(‘Pr(d,q>—les(d,q)) (43)

The instantaneous active power becomes then:

P, =%/, (01Ls + 0Ly ((Tsa) (o)) +
o ((‘Pr(d,q))t(@r(d,q))) -
3o [(ReCsan) Gsta)) +

(Rr(ir(drq))t(lr(d,q)))] + QY

Finally, the instantaneous active power is given as

(44)

Po=2W+P+Py

: (45)

By means of a field-oriented control drive, we

define from equation (44):

» the derivate of stored magnetic given as

follows:
a o1Ls+o,Lg 1
aw = 3/2 ((%) . (u12 + u22) + Z_LFq)rZ>

(46)
- the Joule losses:
B =
32 [(Rs(is(d.q))t(ls(d,qﬂ) (Rr(ir(d,qﬂt(lr(d,q)))]
(47)

By using equation (35) and (43), those losses ean b

expressed with respectiioande as follows:



P] =
M2 3Ry

3/2 ((Rs + Ry (L_r) )-(ulz +up?) - EE‘P]’Z -

3 dor”

2L, dt

» The mechanical power of the DSIM:

(48)

P, = QY (49)

In term of rotor variables and torque curreit ),

we get:

M
Pn = S/ZL_r(prIqu (50)

7. Theoptimal problem control

An optimal control consists on minimization of
function. In this case, the cost function can be
defined as the integral of an
indexf(lsg; Isq; @, ©)given as follows:

T
] = fo f(Isq; Isq; @r; Q)dt (51)

The index corresponds to the weighted sum:
f(lsd; Isq; @r; Q‘) = @,W, + (PZP] + (p3Pm(52)

The weighting factorsg(;; ¢,; @3) are used to scale

power-energy combined convex criteria terms
defined above. Minimize the cost function provides
two important advantages: first, minimizing the
corresponding magnetic energy stored, allowing
thus maximizing the power factor, the second being
the minimization of losses in the winding thus

increasing the machine efficiency.
Using equations (44), (46), (48) and (50), the cost
function is given as follows:
J= 3/2 fOT [@1 ((01Ls + 0stp)- (U2 +up?) +
2
Z_ir-‘prz) + @, ((Rs + Rr (Lﬁr) ) (u12 + u22) -

R, d M
E@f) — g + g (pL—rcpruzQ)] (53)

The integral

I (_Lir% (q)g)) dt = (0:(0) ~ 9:(T))  (54)

, has no effect in the optimizing problem and can b

omitted it from the integral. Considering the new
u
control vectorU = [u;] the system described by

(39) and (40) can be defined as follows:

¢, = ap_ + buy (55)
" K cu
Q= gy 82 (56)
Jm Jm

Using the new constraint given by (55) and (56) the
cost function givenby (53), an optimal control

problem can be presented as follows:

» Find the optimal control variablesaj) and
(u3) that minimize the follows cost

function:

T
Ir = f (ryus® + ru” + q1 900 + qa,u,Q) dt
0

(57)

While respecting the dynamic constraints given in
the system (55) and (56).

With:

M2
ry = 3/4. (01Ls + 0zLsp) @1 + 3/2 (Rs +R; (L_) )LPZ
r

o Ry
Iy =Tr1; +T903;q; = 3/4'L_i_ 3/2L_r20(2 + aszqg

3M

qz = EL_rOM

where the weighting factors r1, r2 , g1 and g2tmus

be positives.

Otherwise, the task is to find an admissible cdntro

*

trajectoryU* = [31] generating the corresponding
2

state trajectoryp; defined as the optimal rotor flux
to provide minimum of the cost function presented

in equation (57).



The

determining the optimized values of; anduj

optimal control problem amounts to

witch are defined as follows:

« 1,.. « %
Uy =_((pr _a(pr)

- (58)
u; = C]Z: a + Q*

By injecting the expressions afand uj from the

system (58) in the cost function in (57) we get:

Jr = fOT (Yl (% (¢ — a(Pr*))> tv2 ( (Q*

]k—;Q*)) + g2 +q2cpr< (Q + )>th

(59)
This yield:
f e = M @,° +?\2 +Agcpr<pr (;‘: +
As) Q0 + Agp,? + (E+A8)QZ dt (60)
with
o= = g 22y, o ey
A =L e = 4 an =2k’ A = 2K

constants defined
the

Ai=12t0gMust  be positives

accordingly to the condition on

constantsr;; ry; q;and qs,.

7.1. Euler-Lagrange Equation

This integral given by (60) can be expressed as

follows:

e = Ji L(Grs s 2 Q) dt (61)

and can be solved using Euler-Lagrange equation

with respect the follows condition:

» This integral has an absolute minimum
value ¢y and Q'if their trajectory satisfies

the following conditions:

(L(cpr, cpr,Q Q)) ot 0gr (L((pr, cpr,Q Q))

a_
0 (62)

and
» (L(qu; O 9)) - %(% (L(qir: ONYoY Q))) =
0 (63)

Aiming to solve the equations (62) and (63) and by
using the expression of the cost function in (6@) t

previous condition becomes:

02 Q . a2

¢, = T 3T 31EQ +axpr— 33 (64)
Q= qurﬂ + a4§qu +asQ+ a2 (65)
were

A Ay e A
aO = 5 ; a3 = .

T, dy =5, d =1,
M A M

—_— A4 . — A7 . — AS
TTRIETR TR
7.2. Linear Time-varying motor speed

In order to obtain an accelerate mode (transient
regime), we have proposed a linear low for the
motor speedas follows:
Q* = C0t+ Cl (66)
with ¢y > 0

Hence the second equation (65) has no physical
meaning and can be skipped. By substituting the
expression ofl by Q* into the equation (64) we

get:

Gr@7 —a@* = —(y1t* + y,t +v3) (67)
where:
Y1 = a3Co% Yo = a1Co% + 2a3C0C;

Y3 = a()COz + a]_COCl + 2 + a3C12



Despite the extreme difficulty to solve this eqaati

(67), we tried to finding a solution using a
mathematical calculation; so, we applied the
method of integration by parts to this equation,

during a time intervd0, t].

Finally the optimal solution of the rotor flux is

given by the following expression:

Pr (t) =

azr%(0)

30 20~ ¢ (0)9,2(0) + 9.3 (0)t

4 3 2
o0 (5 42

6

Figures (1) illustrate the time-varying curve oéth

minimum-energy rotor flux for a speed ramp.
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Fig3: Minimum energy rotor flux versustime
8. Deadbeat control of therotor flux level

These kinds of problems need wide range of the
rotor flux magnitude variation. A deadbeat response
has been chosen to regulate the rotor flux levg]l. [1

In this part, the mutual inductance value of the
machine under this consideration is not used. In a

rotation reference frame, the rotor flux can be

expressed using the proposed control approach as
follows:

M
—1
1+sT, 54

@r(s) = (69)

The reference value of curreigy” can be written as

follows:
Isd*(nTs) = (Isd*(n - l)Ts)
@, (nTy)

1
1 —exp (— ;—i) [ M(nT;)

_ 9(nTy) ]
M((n - DTy)

exp (- ;—)
- 1—exp (— ;—i)
_ @((n - l)Ts)]
M((n - 2)Ty)

+

[‘pr*((n_lTs))
M((n—1DTy)

(70)

Where () is the setting time,T) is the rotor time
constant,®, (iT;) and M(iT,)are respectively the
estimated r rotor flux and the mutual inductance at

sampling (Ty).

The ORFOC drive of the DSIM, given in figure (4),
is initialized through applying a motor speed
reference. An optimal rotor flux current by means
of the deadbeat controller is delivered to the
remaining part of RFOC drive. On the other hand, a
transient torque current reference will be delidere
to the rest of the RFOC drive.

The simulations results are carried out on a three-
phase DSIM, 380V, 20KW, 50Hz and 4 poles,

squirrel cage induction motor.
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Simulation results

By applying a rotor speed reference as shown in
figure (5), a rotor flux reference is deduced from
equation (68). Both the rotor flux and the torque
rest of the RFOC

respectively the reference of the optimal direct

controllers deliver to the

stator current and the reference of the desired

indirect stator current reference.

It is obvious to remark from figure (6) and figure
(7) that the flux current given from the conventibn
ORFOC remains constant during the rotor speed
increasing accompanied by an increasing torque
current. We show that the flux current delivered by
the ORFOC

compared to the one delivered by the conventional

registers a significant decrease

Deadbe st Flux and
Torgue Contrel Eq45.2)

=

figure.4: the ORFOC drive of th DSIM

strategy. Also, we note that this decrease is more
considerable for smalls loads. This result given by
the proposed ORFOC compared with those
delivered from the conventional RFOC prove that
the minimization of the cost function performed by
the proposed method causes a stored magnetic
energy saving and consequently a power factor

maximization.

RFOC. This means that the presented method saves

energy. The figure (9) shows a variation of the
magnetic energy. We can see very well the

decreasing of energy by adopting the ORFOC
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10. Appendix

We recall the theorem of integration by parts:

t t
f Uvdt = UV —f uvde
0

0
T
f (‘ﬁr‘pr?, - a2¢r4)dt
0
T
= f (=71t? + ot +y3)dt
0
This implies:

HOPEO) — 9,30 = 20,50 = $O)9F(O)
0,70+ 29,°(0)

t3 t2
()

This equation will be integrated again,

T a,
[ (s0020 - 020 - L0

— @(0)97(0) + ¢,°(0)

a
+gzrpr5(0)> dt

T ¢3 ¢2
_ f _(Vl +Vz

o 3 2
+ y3t>> dt

We obtain then:

_ az(pr6(t) _ a2¢r6(0)

30 30
1
+§(pr (O)
yatt  yt? yst?
- - kt
(12 et )"

Where k is an appropriate positive constant.

This yield:

- ¢r(0)¢r3(0) + (prg(o)t

30 (a,0,°(0)
@1 = — | = — ¢:(0) 9, (0) + > (0)t
a, 30
1 5
+§(Pr (0)
Y1t4 Y2t3 Y3t2
+<12 t TS kt
Then:
@, (t)
I
| a0,°(0)
_“J30 R A QL ORRIOF

1 yitt  y,t3  yst?
a
\IZ +§<,ar5(0)+<i2 + 26 + 32 —k

11. Conclusion

In this work, a minimum-energy consumption
approach is developed with a DSIM under RFOC.
Based on the optimal control theory, this approach
provides a cost function given as a weighted sum of
the DSIM energy-power model. In order to obtain a
minimum energy rotor flux trajectory, the presented
task is based on minimizing this cost function when
it is constrained to the dynamic equations of the
rotor flux and the motor speed. By applying the
Euler-Lagrange resolution, analytic solution is
given at transient regime and especially for an
accelerated mode of the DSIM. A minimum-energy
rotor flux trajectory is then developed and
implemented in the RFOC strategy.

A comparative study with the conventional RFOC
is given and proves the validity of the proposed
minimum-energy consumption approach.
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