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Abstract— Within this present paper, an optimization method
for the starting and braking times of the induction cage motor
including magnetic saturation is proposed. This method allows
us to start or to brake the motor with a raised electromagnetic
torque and a limited current so as to enhance the starting or
braking times. This method uses Lagrange optimization to solve
a constrained problem that is: while keeping the current limited,
get the maximum torque at each time. The principle of this
method is presented and the possibility to regulate the speed is
also proposed. At last, simulation results justify the fidelity of
this method.

Index Terms— Constrained Optimization, Induction Motor,
Saturation, Speed Regulation, Starting and Braking Times.

I. I NTRODUCTION

I N the field of driving at variable speed, the induction motor
(IM) is usually used, for its robustness and it’s relatively

low cost. But this motor has a problem at starting because the
electromagnetic torque developed by the machine is relatively
weak compared to the called current [1] - [3].

Various modes of starting of IM were applied for various
applications, that is to say by improving the electromagnetic
torque with the detriment of an important current or the
reverse.

The present paper is dedicated to the elaboration of an
original technique to optimize properties of electromechanical
devices and controlled systems taking in consideration for
multiple requirements and restraining conditions. In particular,
we have designed a new method to minimize availability
time interval of induction motors at accelerated amplitude-
frequency start or brake and a given set of current limitations
including magnetic saturation.

In this paper, we present firstly, the static model of induction
motor including saturation of the iron curve; then we expose
the principle of the optimization method of the time start-
ing/time braking based on the Lagrange optimization [1]. Sec-
ondly, the dynamic model of induction motor is presented as
well as the experimental measures to determine the magnetic
characteristic. Thirdly, we propose the cascade two-rectifier-
three levels NPC PWM inverter [4] - [5]. The references values
of frequency and ratio voltage of this converter are calculated
using our optimization method. Finally, the system shown in
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Fig. 1 is used for numerical simulation and the related results
are presented.

II. I NDUCTION MACHINE STATIC MODELING

Using the static model of induction machine in equivalent
T diagram [6] - [7]; the different impedances are defined as
follows:
Zs =

√
R2

s + (A.Xs)2: stator impedance module;
Z ′

r =
√

(Rs/s)2 + (A.X ′
r)2: rotor impedance module brought

back to the stator.
It is considered that the magnetic losses are proportional to

the frequency, which makes it possible to write:
Zm = A.

√
R2

m + X2
m: magnetizing circuit impedance mod-

ule.
Xs, X ′

r, Rm andXm: the parameters of the motor.
They are calculated for the rated frequencyfnom. The mag-
netic circuit saturation is function of the electro motion force,
i.e. Xm = ϕ(E1).
The multiplying factorA, with witch one varies the frequency
f , compared to thefnom, is defined as follow:A = f/fnom.
The equivalent impedance using T diagramZeq is defined by:
Zeq = Zs + Zo.
With:

Zo =
Z ′

r.Zm

Z ′
r + Zm

.

The e.m.f is defined by stator frequency, as follows:E = AE1.
The expression of the electromagnetic torque:

Te =
Pem

Ωs
=

m.p.I ′2r .
R′

r

s

2.π.f
=

m.p.E2.
R′

r

s

2.π.f.Z ′2
r

(1)

With m: the number of phases,p: the pole-pairs number and
the synchronous angular speed:Ωs = 2πf

p .

Fig. 1. Scheme of the studied device.



III. STARTING OR BRAKING CURRENT L IMITATION WITH

TAKING INTO ACCOUNT SATURATION

A. Principle of the Method

By applying the Lagrange method to solve our problem,
there will be the function to optimize and two constraints [1],
[8]:

F1 = Te + λ1(I2
s − I2

lim) + λ2(Xm − ϕ(E1)) (2)

With Te = f(s,E1, Xm): electromagnetic torque;
G1(s,E1, Xm) = (I2

s − I2
lim) = (A.E1

Zo
)2 − I2

lim = 0 and
G2(E1, Xm) = Xm − ϕ(E1) = 0: two constraints;
λ1, λ2: Lagrange multipliers.

For each value of the frequency, one seeks to optimize the
electromagnetic torque with keeping statoric current close to
the limiting currentIlim. Moreover, the motor saturation is
included.

For the first condition, the limit current (Ilim) is defined as
follows: Ilim = k.Inom (k is a multiplying factor).

For the second condition, saturation of the magnetic circuit
is added. The reactanceXm is a polynomial function of the
e.m.f E1:

Xm = ϕ(E1) =
n∑

i=0

aiE
i
1 (3)

With a, n: coefficients and degree of the polynomial.

B. Application of the Method to Limit the Starting or Braking
Current

By applying the Lagrange algorithm for our problem, the
system of five equations and five variables is obtained for each
frequencyf = Constant, as follows:

dTe

ds
+ λ1

d

ds
(I2

s − I2
lim) + λ2

d

ds
(Xm − ϕ(E1)) = 0 (4)

dTe

dE1
+ λ1

d

dE1
(I2

s − I2
lim) + λ2

d

dE1
(Xm − ϕ(E1)) = 0 (5)

dTe

dXm
+λ1

d

dXm
(I2

s−I2
lim)+λ2

d

dXm
(Xm−ϕ(E1)) = 0 (6)

I2
s − I2

lim = 0; Xm − ϕ(E1) = 0 (7)

Arranged the system (4)-(7), we obtained another system (9)-
(11) of three equations and three variables, with:

X ′
m =

∂Xm

∂E1
=

n∑
i=1

iaiE
i−1
1 (8)

(R2
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m)
[
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r

As )4 + (R2
m + X2
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R′
r

As )2

+X ′2
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]
+E1X

′
m((
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−Xm(R′
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As )
+X ′

r(X
2
m −R2

m + X ′
rXm

]
= 0 (9)

(
AE1

Zo
)2 − I2

lim = 0 (10)

Xm −
n∑

i=0

aiE
i
1 = 0 (11)

The resolution of the system of the equations (9)-(11) gives
us four solutions, two real roots and two combined roots. The
only roots to be considered are the real ones. The positive root
as solution during starting and the negative root as solution
during braking. Those roots, solution of this system for each
frequencyf value, are:E1 opt and two values of the slip
optimal sopt, the positive value for starting and the negative
value for braking.

The optimal angular speed is defined as follows:

Ωr opt =
2πfnomA

p
(1− sopt) (12)

• The optimum slips, at the beginning and the finishing
of the starting (Ωr opt = 0 and Ωr opt = Ωr nom), are:
sopt = 1 andsopt = snom.

• The optimum slips, at the beginning and the finishing
of the braking (Ωr opt = Ωr nom and Ωr opt = 0), are:
sopt = −snom andsopt = 1.

The optimal starting or braking times is defined as follows:

topt =
∫ Ωr nom

0

J

Te opt − Tr
dΩr opt (13)

WhereJ : total inertia;
Tr = Tn

Ωr nom
.Ωr opt: torque resist.

For various values of the multiplying factork, the solution
of the problem is given inTABLE I.

IV. EXPERIMENTAL MEASURES

The experimental results have been performed in motor
drives at no load, in order to determine the evolution of the
magnetizing current with respects to the applied voltage per
phase and adjusted the synchronism speed value to take the
slip value null is to equivalent current rotor must be null,
the induction motor is entrained by the synchronous motor
with same pole pairs. Then, from these data and the used the
static equivalent model of the motor drives, one can establish
the evolution of the e.m.fE1 per phase and magnetizing
impedanceXm in function of magnetizing currentIm. The
obtained curves are drawn in Fig. 2.

TABLE I

THE OBTAINED RESULT WITH OPTIMIZATION

OPTIMAL VALUE DEFERENT VALUE

OF MULTIPLYING FACTOR k
0.75 1.0 2.0

Reactance of the 22.39×A 20.4×A 16.95×A
magnetizing circuit

AXm opt (Ω)
Slip sopt ±0.014/A ±0.019/A ±0.038/A

E.m.f 247.2×A 257.7×A 268.5×A
Eopt = AE1 opt(V )
Magnetizing current 11.04 12.58 15.84

Im(A)
Rotor currentI′

r(A) 17.93 24.99 52.11
Rotor current frequency 0.71 0.95 1.94

fr opt(Hz)
Ratio Eopt/fopt(V/Hz) 4.94 5.15 5.37

Electromagnetic torque ±42.48 ±61.23 ±134.54
Te opt(N.m)

Time startingtopt(s) 35.50 10.50 2.75
Time brakingtopt(s) 4.75 3.63 1.90



Fig. 2. E.m.fE1 andXm function to magnetizing currentIm.

V. DYNAMIC MODEL OF THE INDUCTION MOTOR

In Park frame associated to the stator, the dynamic model
of the IM taking into account the saturation is given by [1],
[9] and [10]:

vds

vqs

0
0

 =

 Rs −ωr`s 0 −ωrLm

ωr`s Rs ωrLm 0
−Rr 0 Rr 0

0 −Rr 0 Rr


ids
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 +
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With: ωr = pΩr;
Lm = φ(io) =

∑n
j=0 bji

j
o;

L′
m = dLm

dio
= d

dio
φ(io) =

∑n
j=1 jbji

(j−1)
o .

io =
√

i2do + i2qo: current magnetizing module;
Rs, Rr: stator and rotor resistor;
`s = Xs/(2πfnom) and `r = X ′

r/(2πfnom): leakage induc-
tances;
Lm = Xm/(2πfnom): inductance of magnetizing circuit.

The expression of the electromagnetic torque:

Te =
3
2
pLm(idoiqs − iqoids) (15)

VI. CONVERTERMODELING

The AC/AC converter (Fig. 1) consists of the cascade of
two levels rectifier and three levels NPC PWM inverter (Fig.
3).

Fig. 3. Cascade two level rectifier-three level NPC PWM inverter.

A. Rectifier Model

A switching functionGij is defined for each power switch
(Fig. 4). It represents the ideal commutation orders and takes
the values 1 when the switch is closed (on) and 0 when it is
opened (off):

Gij =
{

1 Gij is closed
0 Gij is opened

(16)

i ∈ {1, 2, 3} no of the leg;
j ∈ {1, 2} no of the switch in the leg.

As ideal power switches are considered, the switches of a
same leg are in complementary states:

Gi1 + Gi2 = 1, ∀i ∈ {1, 2, 3} (17)

For both three-phase converters, modulation functions can
be defined from the switching functions:

m =
[
m13

m23

]
=

[
1 0 −1
0 1 −1

]
.

G11

G21

G31

 (18)

The relation between the rectifier output-input voltages and
currents is defined as below:{

VNet1 = mUc

irect = mtiNet1
(19)

B. Modeling and Control of Three-Level NPC Source Voltage
Inverter

Fig. 5 describes a three-level inverter structure.

Fig. 4. Rectifier converter with ideals switches.

Fig. 5. The simple output voltage of the first arm, form = 9, r = 0.8.



The simple output voltages are:VA

VB

VC

 =
Uc

6

 2 −1 −1
−1 2 −1
−1 −1 2

 .


F b

11

F b
21

F b
31

−
F b

10

F b
20

F b
30

 (20)

F b
k1: connection functions of the upper half arm;

F b
k0: connection functions of the lower half arm;

Where:k = 1, 2, 3.

C. Triangulo-Sinusoidal Strategy using Two Carriers

To use the characteristic that a three-level VSI is equivalent
to two two-level VSI [4], [5]; and improve the spectrum
characteristic of the inverter output, we propose to use two
bipolar carriers (UP1, UP0) shifted each one from the other
by half carrier periodTp. The algorithm of this strategy can
be summarized in two steps:
Step1: determination of the intermediate signals (Vk1, Vk0){

Vrefk ≥ Up1 ⇒ Vk1 = E/2
Vrefk < Up1 ⇒ Vk1 = 0

and: {
Vrefk ≥ Up0 ⇒ Vk0 = 0
Vrefk < Up0 ⇒ Vk0 = −E/2

Step2: determination of the signalVk2 and the switch control
orderBks Vk2 = E/2 ⇒ Bk1 = 1, Bk2 = 1

Vk2 = −E/2 ⇒ Bk1 = 0, Bk2 = 0
Vk2 = 0 ⇒ Bk1 = 1, Bk2 = 0

where: 
Vk2 = Vk1 + Vk0

Bk3 = Bk2

Bk4 = Bk1

and k = 1, 2, 3.

Fig. 6 shows the simple output voltage of the first arm, for
m = 9.

Fig. 7 shows the variations of the amplitude of the fun-
damental and the harmonics magnitude of the simple output
voltage of a phase according to the modulation factorr, for
m = 9.

VII. R ESULTS AND INTERPRETATION

In the first step, the AC/AC converter is supposed ideal.
Fig. 8 shows the variation offopt and Vopt according to
time. These variations are obtained by using the proposed
optimization algorithm. The IM is connected to the grid via

Fig. 6. The simple output voltage of the first arm, form = 9, r = 0.8.

Fig. 7. The fundamental and the harmonics magnitude accordingr, for
m = 9.

the ideal converter, in the first step. The stator current using
static/dynamic model of the IM and the related expended plot
are shown in Figs. 9 and 10. On the other hand, Fig. 11 gives
the optimal electromagnetic torque and the resist torque. Fig.
12, in turn, shows the variation of the angular speed. Note
that the different results using dynamic and static models of
IM are almost the same.

In the second step, the cascade of rectifier-inverter is intro-
duced. The references values, Fig. 13, (frequency and voltage
ration) of the converter are obtained by using the proposed
optimization algorithm. In this part, the possibility of speed
regulation is devoted. The stator current and voltage and the
related expended plot are show in Figs. 14, 15 and 16. Fig.
17 shows the optimal electromagnetic torque and the resist
torque. The angular speed of the IM is plotted in Fig. 18. Fig.
19, in turn, shows the active and reactive powers.

For a possible confrontation of the results, the direct starting
of the IM is operated without optimization. Fig. 20 shows the
stator current and the angular speed. The electromagnetic and
the resist torque are plotted in Fig. 21.

Fig. 8. Optimal frequency and voltage of stator.

Fig. 9. Stator current.



Fig. 10. Zoom of the stator current.

Fig. 11. Optimal electromagnetic and resist torque: 1- using static model;
2- using dynamic model.

Fig. 12. Optimal rotor speed: 1- using static model; 2- using dynamic model.

Fig. 13. Optimal reference frequency and voltage for the converter.

VIII. C ONCLUSION

The optimization method exposed in this work, for starting
or braking of an induction cage motor including magnetic
saturation has the following advantages:

• reduction of the starting or braking times;
• the machine starts or brakes with a high electromagnetic

torque;
• the call of the stator current is limited and constant then

the losses can be reduced;
• the frequency and the amplitude of the rotoric currents

Fig. 14. Optimal voltage and current of stator.

Fig. 15. Zoom of optimal voltage and current of stator.

Fig. 16. Zoom of optimal voltage and current of stator.

Fig. 17. Optimal electromagnetic torque and resist torque.

remain constants during starting;
• the ratioEopt/fopt is constant, therefore flux is constant;
• the ratioVopt/fopt not constant for those lows values of

frequency because the voltage drops to the stator.

IX. M ACHINE PARAMETERS

• Nominal voltage:Vnom = 220V ;
• Nominal current:Is nom = 29A;
• Electromagnetic torque:Te nom = 51.6N.m;
• Stator resistor:Rs = 0.402Ω;



Fig. 18. Optimal rotor speed.

Fig. 19. Stator active and reactive powers.

Fig. 20. Rotor speed and stator current.

Fig. 21. Electromagnetic torque and resist torque.

• Rotor resistance brought back to the stator:R′
r = 0.196Ω;

• Stator reactance:Xs = 0.725Ω;
• Rotor reactance brought back to the stator:X ′

r = 1.02Ω;
• Magnetizing resistance:Rm = 1.5Ω;
• Nominal slip:sn = 2.6%;
• Number of phases:m = 3;
• Number of pole pairs:p = 1;
• Total inertia:J = 1kg.m2;
Note: The values of the various parameters are given to the

rated frequency of50Hz.
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