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Abstract: Digital filters of electrical protective relays 
play primary roles in calculating the fundamental 
phasors of electrical power signals. In most fault cases, 
large amounts of decaying DC components are included 
in the current signals during the fault period. Decaying 
DC component significantly reduces the precision and 
convergence speed of all conventional frequency-domain 
filters such as Fourier and Walsh filters. In this 
investigation, this paper introduces a new frequency-
domain filtering algorithm to remove the decaying DC 
components and accurately capture the fundamental 
power system phasors for digital protective relays. This is 
executed by means of a mathematical procedure using 
digital signal processing techniques. The proposed filter 
is tested for a wide variety of current signals during 
different fault conditions to assess its performance. The 
simulation results show that the proposed filtering 
algorithm has a superior performance at a wide range of 
decaying components. 
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1. Introduction 

The majority of fault current signals have large 
amounts of decaying DC components. These 
components have sets of non-integer harmonics [1]. 
As a result, the decaying DC components of the 
current signal adversely affect the precision and 
convergent speed of most conventional filtering 
algorithms such as discrete Fourier transform 
(DFT), Kalman filter, Walsh filter, cosine filter, and 
least-squares-fitting [2]. 

Many efforts have been exerted to eliminate the 
negative effect of decaying DC component and 
improve the performance of the numerical 
protective relays under the presence of this 
component. Fixed full cycle DFT (FCDFT) based 
algorithm has been suggested in [3]. This algorithm 
uses three continuous FCDFT phasors shifted by 
one sample to remove the decaying DC component 
from the signal and obtain the fundamental 
frequency phasor. In [4], another technique for 
removing the exponential component has been 
proposed based on calculating the unknown 
parameters of the decaying DC component using a 
simple mathematical formula. Then, the 
fundamental phasor is calculated by FCDFT after 
subtracting the computed decaying DC component 
from the original signal. A method based on the 

integration of the fault current during one power 
cycle has been proposed in [5]. This method uses 
the integration process to determine the magnitude 
and time constant of the decaying DC offset. Then, 
the decaying component is removed by subtracting 
the DC offset value from the signal at each sampling 
instant. A method based on even and odd sample set 
DFT has been proposed in [6]. The phasor 
corresponding to the decaying DC component is 
estimated by using odd and even sample set DFT 
phasor, and then this phasor is subtracted from the 
original DFT phasor to obtain the fundamental 
phasor. In [7], a method to eliminate the effect of 
decaying DC component using two FCDFT phasors 
shifted by half cycle has been proposed. In [8], a 
method based on combined full and half cycle 
Fourier algorithms has been proposed for quickly 
removing the decaying DC component and 
estimating the fundamental frequency phasors. 

Generally, the effect of the decaying DC 
components can be solved using two main 
approaches. The first approach is based on making 
some modifications in the conventional frequency 
domain filters, while the second one is depending on 
building a new frequency domain filter which 
immune to the decaying components. All the 
aforementioned techniques proposed in [3-7], are 
based on the first approach. However, using the 
frequency-domain filters in fundamental phasors 
estimation can give more secure operation of the 
protective relays as the performance of such filters 
at all frequencies is well defined according to their 
frequency response so that the second approach is 
applied in this paper for removing the decaying 
components.  

A new effective frequency-domain filter, using 
only one and quarter cycle data window, is proposed 
for filtering fault currents. The proposed filtering 
technique is based on multiplying each power cycle 
of the current input signal by particular functions. 
These functions are fully defined in the period of 
one power cycle. The frequency response of the 
proposed filter and its performance for different 
levels of decaying DC component are extensively 
discussed. 
 
2. Proposed Filter Algorithm 

To discuss the technique used by the proposed 



filter in filtering out the DC component and integer 
harmonics, consider that the continuous signal x (t) 
contains DC component     , fundamental 
frequency component, even harmonics, and a set of 
odd harmonics of           order. 

It is notable that this signal is only used to 
describe the proposed filter, while the performance 
of proposed filter for the remaining odd harmonics 
is fully implemented in the next section.  The signal 
x (t) can be expressed as follows: 
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Where     and    are the magnitude and phase 

angle of the fundamental component. ω =
  

 
 is the 

fundamental angular frequency of a period 
T.     and     are the magnitude and phase angle 
of the      order harmonic component, 
respectively. Also,           and          are the 

magnitude and phase angle of the           order 
harmonic component, respectively, where h is the 
maximum harmonic order. 

The fundamental frequency phasor can be 
calculated in imaginary and real parts   ,    
respectively. 

For finding the value of   , the above equation is 
integrated at different intervals as follows:  
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By using the achieved results demonstrated in 
Appendix A, it yields: 
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For finding the value of    , the signal x(t) is 
shifted by quarter cycle and then integrated at the 
same integration intervals of  Equation (2).  
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The same previous procedures are applied for 
determining the value of F2. Therefore, 
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2.1 Proposed Filter in a Continuous Form 
 

For simplifying the Equations (2) and (4), four 
predefined functions (   (t),    (t),    (t), and    
(t)) are used in the calculation process. Fig. 1 
depicts these four square functions   in a 
continuous domain, they have values of -1, 0, or +1 
during the time interval between t=0 and t=T. Using 
these functions, the Equations (2) and (4) can be 
written as follows: 
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Hence, for continues signal x(t), the fundamental 
phasor at time (t1) can be calculated as follows: 
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Fig. 1 The four   functions in a continuous domain 



2.2 Proposed Filter in a Discrete Form 
The continuous integral of Equation (8) is not 

directly adequate for digital processing application. 
Therefore, the input signal x(t) is sampled at N 
samples per system cycle, and the     sample signal 
x(n) is represented in the following equation: 
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For a discrete signal x(n), the     sample 
fundamental phasor can be calculated by converting 
the Equations (8) and (9) into discrete formula as 
follows: 
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Where     is a discrete formula of M and can be 

given by:        = 
  [     (   )    (   )          ]
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3. Proposed Filter Features 

As discussed in the previous derivation, the 
proposed filter can completely remove all even 
harmonics, DC component, odd harmonics of 
           order (r=1, 2, 3, etc.), and can estimate 
the fundamental phasor. To verify the effectiveness 
of the proposed filter in removing the remaining odd 
harmonics, an input signal y1(t) which contains 
   order harmonic is applied to the proposed filter 
as follows: 
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For r =3 (     harmonic), the proposed filter output 
can be determined using Equations (8) and (9) as 
follows: 
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After some mathematical manipulations, the values 
of Xi and Xr at any value of (t1) are deduced by: 
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Thus, the filter output=√            = 0.032      
 

Hence, the proposed filter can remove 96.8% of 
the magnitude of      harmonic component. The 
same aforementioned procedure is applied to get the 
output of the proposed filter for different odd 
harmonics; the achieved results have been 
summarized in Table 1. 

 In real implemented digital protective relays, the 
input signals are passed through a low pass anti-
aliasing filter. This filter is an essential element for 
all digital relaying algorithms, which eliminates the 
high frequency oscillations in the signals and 
prevents aliasing phenomena. The cut off frequency 
of the low pass anti-aliasing filter is chosen 
according to Nyquist criterion to be equal or less 
than half the sampling frequency [9]. For example, 
the sampling frequency of the modern Siemens 
digital protective relays is 1 kHz (20 samples per 
50-Hz cycle) [10], and the cut off frequency of the 
low-pass filter should be less than or equal to half 
the sampling frequency, 500 Hz (10 × fundamental 
frequency) to prevent aliasing. In other words, this 
low pass anti-aliasing filter can remove all 
harmonics greater than the     harmonic.  
Considering this situation, it is sufficient to focus on 
the harmonics orders less than 10 while the high-
frequency components can be easily filtered out by 
the low pass anti-aliasing filter. However, the 
behaviour of the proposed filter for higher order 
harmonics is implemented to provide a clear view of 
its performance. As clearly deduced from Table 1, 
the proposed filter has acceptable rejection 
capability for odd harmonics, as its worst behaviour 
is achieved for the 19

th
 harmonic with only 94.8% 

rejection capability. 
Fig. 2 depicts the frequency response of the 

proposed filter; the proposed filter has an 
appropriate frequency response in those frequencies 
that exceed twice the fundamental frequency. 
Besides, the proposed filter exhibits excellent 
performance in the sub harmonics frequency 
interval (0 < harmonic order <1) as it has low gain 
values in this frequency interval. As the decaying 
DC component is a non-periodic signal whose 
frequency spectrum includes a wide range of 
frequencies concentrated in the sub-harmonics 
frequency interval [9], the proposed filter presents a 
high level of rejection capability of the 
exponentially decaying DC component and sub-
harmonics as shown in Fig. 2. Moreover a 
mathematical proof is presented in Section 4 to 
ensure the robustness of the proposed filter under 
decaying components of the current signals.  



 
 

Fig. 2 Frequency response of proposed filter compared with different filtering algorithm 
 

Table 1 
Behaviour of proposed filter for odd harmonics removal 
Harmonic 

order 
Filter 
output 

 Harmonic 
order 

Filter 
output 

r =3 0.032     r =21 0.046     
r =5 0  r =23 0.004     
r =7 0.042     r =25 0 
r =9 0.009     r =27 0.01     

r =11 0.008      r =29 0.003     
r =13 0.023      r =31 0.002     
r =15 0  r =33 0.01     
r =17 0.005      r =35 0 
r =19 0.052      r =37 0.003     

 
 
4. Mathematical analysis for estimating the effect 
of decaying dc component on proposed filter 

 
The decaying DC component is the major 

component which distorts the fault current signals, 
while the higher order harmonics seriously distort 
the fault voltage signals [11].  

The input signal y2(t) is used to study the 
performance of the proposed filter under the 
influence of exponentially decaying DC signal. 
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Where    and τ are the magnitude and time constant 
of decaying DC component respectively. 

The real and imaginary components     and     
at time    can be obtained after applying the 
proposed filter to       as follows: 
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After some algebraic manipulations, the values 

of     and     at any value of (  ) are given by: 
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Fig. 3 Performance of the proposed filter for different 

time constants 

The percentage ratio between the magnitude of 
the output proposed filter and the magnitude of 
decaying DC component at time t1 can be observed 
from: 
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This equation describes the performance of the 

proposed filter for different time constants as 
illustrated in Fig. 3. For most of the power 
transmission systems, the variation of time constant 
value (τ) can be limited in definite boundaries, such 
as one-half to five cycles [12], which are selected in 
this study. As shown from Figure 3, the proposed 
filter can provide appropriate rejection capability of 
the exponentially decaying DC components for all 
time constants. Moreover, all peak error values of 



 

the proposed filter can be neglected for all time 
constant values that are greater than or equal to one 
power cycle. 

 
5. Simulation Results 

In order to verify the effectiveness of the 
proposed filtering algorithm, the proposed filtering 
technique is evaluated using different test current 
signals and a simulated power system. The sampling 
frequency is taken by 12 kHz (240 samples per cycle 
for 50 Hz system). 

5.1 Performance Analysis using Test Signals 
In order to adequately demonstrate the 

performance of the proposed algorithm, some test 
cases using customized waveforms are examined 
first. 

Case I: Test signals with varied time constants 
The MATLAB software program is used to 

generate three different test current signals as 
follows: 
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Fig. 4(a)–(c) show the time-domain response of 

the proposed filtering algorithm for different current 
signals. It can be deduced from Fig. 4 that the 
proposed filter exhibits a fast convergence to the 
desired value. For a time constant of three cycles 
(0.06 sec), the proposed filter converges to the final 
value very quickly. 

To provide a clear view of the performance of 
the proposed filter, two performance indices PRMSE 
and PPE are used; the percentage root mean square 
error (PRMSE) index determines the average error 
in one cycle, and the percentage peak error (PPE) 
index determines the maximum output error. These 
two indices are calculated as follows [1]:  
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Where:   is the beginning index, for example,   = 

N+
 

 
 for the proposed filter. 

 
Table 2 depicts the performance indices of the 

proposed algorithm for the previous simulated 
current test signals. From Table 2, it can be 
concluded that the proposed filter algorithm has a 
minor error and perfect performance. 

 
(a) The results of signal    

 
(b) The results of signal    

 
(c) The results of signal    

 
Fig. 4 Fundamental phasor magnitude responses of 

proposed filtering algorithm for some test signals with 
varied time constants 

 
Table 2 

Error analysis of proposed filter algorithm for some test 
signals with varied time constants 

 

Error Index 

Tested signals magnitudes estimation 
(sinusoidal component and DC offset) 

                  

PRMSE (%) 1.94 0.76 0.40 

PPE (%) 3.43 1.24 0.63 

Case II: Distorted test signals  
The effectiveness of the proposed algorithm is 

validated by investigating its performance for two 
other test signals. Each signal contains fundamental 
component, DC component, decaying DC 
component (which has sub-harmonics), and integer 
harmonics up to 6

th
 order are considered. Also, a 

random noise is added to one of the test signals       
to demonstrate the noise immunity effects of 
proposed algorithm. The noise is generated via the 
“randn” function in MATLAB. The ratio between 
maximum noise and the magnitude of fundamental 
frequency is about 10%. 
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Fig. 5(a)-(b) depict the filtered results of the 

fundamental frequency component magnitude of    

and   respectively. Notably, when the measurement 



 

noise is considered, the proposed algorithm still has 

the same performance. The PRMSE index for   ,    
are 1.97, 1.98 respectively, while the PPE index for 

  ,    are 3.5, 3.6 respectively. Actually, the 
maximum fluctuation range is still bounded in an 
acceptable range and thus it can be deduced that the 
proposed filter gives accepted results even in worst 
cases. 

 
 

 
(a) The results of signal    

 
(b) The results of signal    

 
Fig. 5 Fundamental phasor magnitude responses of 
proposed filtering algorithm for some distorted test 

signals 

5.2 Performance Analysis using Simulated 
Transmission System 

 
In this part, the performance of the proposed 

filter is evaluated using a tested transmission line 
simulated by ATP program. Figure 6 shows the 
simulated 60 km transmission system, its parameters 
are fully listed in Appendix B [13].  

The proposed filter is extensively tested for all 
fault types (symmetrical and unsymmetrical faults) 
during different fault locations and fault inception 
angles for creating a wide range of DC decaying 
component in current signals. In fact, the proposed 
filter gives excellent performance for all tested 
cases.  

One of the critical tested cases, which gives high 
positive and negative values of the exponential 
component, is illustrated here as an example to 
ensure the performance of the proposed filter. A-B 
phase fault is created at distance of 40 km from bus 
A with fault resistance value equals to 1Ω. The fault 
inception angle is set at 0° with respect to phase-A 
voltage waveform of bus A to produce a large 
decaying DC component. The simulation graphs, 
shown in Figure 7, are plotted at the instant of fault 
occurrence. Figure 7 (a) depicts the waveform of the 
faulted current signals, while the estimated 
fundamental phasors magnitudes are shown in Fig 7 
(b) and (c). Fig 7 (d) depicts the angle difference 
between phase-A and phase-B current waveforms 
for proposed filtering algorithm.  

It can be concluded from these figures that the 
proposed filter has superior magnitude response and 

phase angle response for such current singles which 
recover rapidly to the desired value without 
fluctuations. Moreover, the values of the index 
PRMSE (%) of the estimated phasors magnitudes of 
phases A and B current signals are 0.65, 0.74, 
respectively, while the values of the index PPE (%) 
of phases A and B are 1.04, 1.21, respectively. 
These performance indices ensure the effectiveness 
of the proposed algorithm in filtering fault current 
signals. 
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System BSystem A
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Fig. 6 Single line diagram of the simulated transmission 
system 

 
 

 
(a) Current waveforms of phases A and B 

 
(b) Fundamental phasor magnitude response of phase-A 

current 

 
(c) Fundamental phasor magnitude responses of phase-B 

current 

 
(d) Angle difference between phases A and B 

 
Fig. 7 Current waveforms and the results of proposed 

filter under A-B fault at 40 km from bus A 
 



 

6. Conclusions 
This paper proposed an innovative filtering 

algorithm for estimating fundamental power system 
phasors using only one and quarter cycle data 
window. The comprehensive simulation results 
assure that the proposed algorithm provides superior 
rejection capability of the exponentially decaying 
DC offsets and performs very efficiently in 
computing the root mean square (r.m.s) and the 
angle of any electrical signal. The proposed filter, 
which is designed in discrete formula, can be easily 
applied to any digital protective relays.    

Most power system faults create DC decaying 
components in current signals, and high-frequency 
oscillations in voltage signals. Thus, the proposed 
filtering algorithm is more suitable for filtering 
current signals. Meanwhile, the proposed filter can 
also be used in conjunction with an appropriate 
analog low pass filter to filter out the high-frequency 
oscillations and precisely estimate the fundamental 
phasors of voltage signals. 

 
APPENDIX A 

The proof of               (    can be 
carried out using the following procedures. 
The continuous signal x(t) expressed in Equation (1) 
can be written as follows: 
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Also, the Equation (2) can be written as follows:  
 
         ∑     ∑       

 
   

 
      

               (A-2) 
 
Putting i= (0), (1),     , or        . 
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By using Equation (A-3), the value of    can be 
obtained as follows (i =0):     
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Thus,       
 
The value of    can be obtained by using Equation 

(A-3) as follows (i =1):     
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After some algebraic manipulations, it yields: 
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The value of     can be obtained by using Equation 
(A-3) as follows (i =  ):      
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After some algebraic manipulations, it yields: 
      
 
The value of        can be obtained by using 
Equation (A-3) for i =                ). 
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 After some algebraic manipulations, it yields: 
              

 
Finally, it can be concluded that the value of 



 

     for    , (  =2r), or             . 
Hence,        

APPENDIX B 
The parameters of the simulated power system 

are shown as follows: 
 
Equivalent source impedance: 
Source A: 
    =0.238 + j 12.4 (Ω),    =2.738 + j 21.9 (Ω) , 
φ=0° 
Source B: 
    =0.238+j13.2 (Ω),    =0.83 + j 10.8 (Ω), 
 φ=-10° 
 
Transmission line parameters: 
  =0.0196 (Ω/km),  =0.2079 (Ω/km) 
  =1.011 (mH/km),  =2.552 (mH/km) 
  =14.167 (nF/km),  =7.668 (nF/km)   
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