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Abstract: This paper presents a direct analytical
method for the determination of the operating frequency
of a system composed of a self-excited induction
generator (SEIG) feeding an induction motor (IM). In
the method presented, results are obtained for different
operating conditions of the SEIG/IM system. The
presented analytical approach was verified by
comparing the results obtained from it, at different
operating conditions, with previously published results
obtained numerically, with the induction motor
considered as equivalent to a static R-L load. The two
sets of results were found to be almost identical.
Keywords: Induction generator, Induction motor,
Steady-state analysis, Numerical solution, Equivalent
circuit.

1. Introduction

Interest in renewable energy sources such as
wind, photovolatic and hydro for generating
electricity has increased [1-4]. Self-excited
induction generators have been investigated
extensively to be used as a generator in renewable
energy systems [2-11]. This is because of many
advantages of SEIG, such as robustness and cost.

In the analysis of the SEIG the equivalent circuit
of the generator is derived using either the nodal
admittance method [10, 11] or the loop impedance
method [12, 13].

Analysis of the SEIG feeding an induction
motor has been previously investigated [14-17].

In all of the previous investigations, numerical
techniques have been used to obtain the operating
frequency, and consequently the performance of
the system.

obtained in terms of parameters and operating
conditions of the system by deriving an eleventh
order equation in the frequency, which can be
solved numerically to obtain it. Also, an analytical
approach in which a second order equation relating
the operating frequency of the system to the rest of
the parameters is derived, and its validity has been
verified.

2. Method of analysis

At first, a brief analysis of a SEIG feeding
a static R-L load is presented, and then the new
proposed approach is developed for analyzing the
SEIG when feeding an induction motor.

2.1 R-L load

The steady-state performance of a SEIG feeding
a static R-L load has been investigated before [12,
13, 18].

In [18], the steady-state equivalent circuit of the
SEIG feeding an R-L load is given as shown in
Fig. 1.

Fig. 1. Equivalent circuit of induction generator.

In this figure R and X are the resistance and

In this paper the operating frequency of a system reactance of the load (at base frequency). In this

composed of a SEIG and an induction motor is

circuit all the parameters of the machine are referred



to the rated per-unit frequency, and are assumed to be
independent of saturation except for the magnetizing
reactance and they are also referred to the stator.
Core losses and effect of harmonics are neglected.

In [18] the equation relating the per-unit frequency
of operation to the rest of parameters, for a static R-L
load, is derived as [10, 11]:

P;d’+Psa"+Ps &’ +P, a’+P; &’ +P; a’+
P] Cl""P():O (1)
The coefficients P, to P; are given in Appendix (I)
For certain SEIG speed and R-L load, eqn. (1) can be
solved numerically to obtain the operating per-unit
frequency (@). Consequently, the performance of the
system can be obtained using the equivalent circuit in
Fig. 1.

and the equivalent reactance is obtained as:

)(em :RZmZ()(mm +X1m) +(a'bm)2()(mm +X2m) [XmmXZm +
X]m ()(mm +X2m)] / [R21112+(a'bm)2(xmm +X2m)2] (3)

Replacing R and X in the coefficients P, to P; of

eqn. (1), by the expressions of R, and X, eqns. (2)

and (3), an equation of the eleventh order in the per-

unit frequency of the SEIG/IM system is obtained as:

Py @' +Pyy, a'"+Py, a’+Pg, a’+P;, a'+Pg, a’+
Ps,, @ +Py, a*+P;,, a’+P, &’ +P,, a+Py,=0

“4)

The expressions of P, to Py, are very large.
Therefore if the magnetizing reactance of the
induction motor, X, in Fig. 2., is considered to
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Fig. 2. Equivalent circuit of SEIG / IM system

2.2 Induction motor load
Fig. 2. shows the equivalent circuit of SEIG
feeding an induction motor [14, 15, 19]

From this circuit, the equivalent resistance of the
induction motor is obtained as:

Rem = [aXmm2R2m (a'bm) +R1mR2m2+
Ry (Xt Xon)' (a-b)"] /

[R2m2+ (a’bm)z()(mm +X2m)2] (2)

be open- circuited, the equivalent circuit of Fig. 2.
becomes as shown in Fig. 3., and the induction
motor will have an equivalent resistance as:

Re = (Riw/a) + (Ron/ (a-by)) (%)
and an equivalent reactance as:
)(6 = X]m +X2m (6)
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Fig. 3. Equivalent circuit of SEIG / IM system X,,,,, not included.

Therefore, eqn. (4) becomes:

11 10 9 8 7 6
P/]n% +P10’Za +P93n a +P<§;n a +P, a +Pg, a'+
P5n a +P4n a +P3n a +P2n a +P1n a+P0n:0 (7)

The above assumption will be shown later that it
will not affect the accuracy of results, and will be
shown that it is valid in the section of results.

Eqn. (7) is used to derive a second order equation
in the operating frequency of the system as follows.

The difference between the per-unit speed, b, of
the SEIG and the per- unit frequency, a, can be
expressed by the relationship [18]:

E=a-b
€ has always very small value [9, 11, 18, 20].
The per-unit value of the frequency, a, in
eqn. (7) can then be replaced by:

a=&E+b
Neglecting the values of &" with n>2 [18], eqn. (7)
can be rewritten as:

Ay E2HA E+A=0 (8)

where A,, A, Aq are functions of the parameters and
speeds of the generator and the motor, and are given

in Appendix (II)
Solving eqn. (8), the per-unit operating frequency, a,
can be obtained in a closed-form expression as:

Ay -V(AF — 44,4,)
a=>b-

2 4;

A,- VRR
=b-——m— )
24,

The per-unit frequency, a, is directly obtained from
eqn. (9) instead of using numerical techniques with

eqn. (7).

3. Results

To validate the approach presented in Subsection
(2.2), in which a second order analytical equation
was obtained from which the operating frequency of
the SEIG/IM system, whose parameters are given in
Appendix (III), can be obtained, the numerical
solution of eqn. (4) was compared with that obtained
from the numerical solution of eqn. (7) for several
operating conditions as shown in Fig. 4.
From this figure it is evident that the numerical
results obtained from the solution of eqns.(4) and (7)
are almost identical although X, is not taken into
consideration in eqn. (7).
It is important to notice that for each operating per-
unit speed of the generator, b, the operating
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Fig. 4. Comparison between numerical solutions
with X, included and numerical solution
without X,,..

speed of the motor should not exceed a boundary
value otherwise the per-unit frequency, a, obtained



from the solution of either eqn. (4) or eqn. (7) will be
a complex quantity.

To determine the boundary motor speed above
which the frequency will be complex, the expression
RR in eqn. (9) (i.e. 4 F—44, Ap) is equated to zero
and solved for certain system parameters and
generator speed to obtain the required boundary
motor speed. The values of the motor speed used in
obtaining the results should be equal to or less than
that boundary speed as shown in Fig. 5.

The simplified equation from which a closed-form
analytical expression for the operating frequency of
the system, eqn. (9), is used and its results for
different operating conditions are compared with the
results obtained numerically from eqn. (4), Fig. 6.

Also, these results are compared with the results
obtained from eqn. (7) as shown in Fig. 7. In both of
Figs. 6 and 7 it is evident that the results
obtained from the analytical approach presented
are almost identical with those obtained numerically.
This proves that the analytical approach presented is
valid.
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Fig. 5. Relationship between the generator per-unit speed
and the boundary value of the motor speed.
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Fig. 7. Comparison between numerical and analytical
solution with X,,,, not included.

4. Conclusions

The paper presented a direct analytical method to
obtain the per-unit frequency of a system composed
of a self-excited induction generator feeding an
induction motor. This method is simple and direct
instead of using numerical methods to determine the
frequency of the system. The presented approach is
verified by comparing its results, at different
operating conditions, with results obtained using a
previously published reference. The result of
comparison showed that the sets of results are almost
identical which proves the validity of the presented
approach.



LIST OF SYMBOLS

a  system per-unit frequency, generated frequency/

rated frequency.

b  induction generator per-unit speed.

b, induction motor per-unit speed.

X 1, X » induction generator stator and rotor leakage
reactances per phase respectively referred
to stator.

X 1m» X 2m induction motor stator and rotor leakage

reactances per phase respectively referred to

stator.
X  induction generator unsaturated magnetizing
reactance per phase.
X mm Induction motor magnetizing reactance per

phase.

R 1, R, induction generator stator and rotor
resistances per phase respectively referred
to stator.

R 1m, Rom 1nduction motor stator and rotor
resistances per phase respectively
referred to stator.

X . induction generator capacitive reactance per

phase.

U output rms terminal voltage per phase.

E, air-gap rms voltage.

I, stator current.

I, rotor current.

I. capacitor current.

I load current.
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Appendix (I)
Pi=-b R, X (R+R;)’

P;=R, X2 (R+R)) *+X (R,*+b* X,?) (R+R)),

P,=-b R, (X.* (X+X)) %2 X; X, (R**R)+R,* R%)-(2b X,* X (R+R)))

Pi=R, (X (X+X)) %2 X, (X; R**X R)+R;* R)O+X,* X2 (R+R))+R; (Ry*+b* X,%) (R%:2 X X.)
Ps=-b R, (X;* (R?-2 X X )+X* (R*2 X, X))-(2 bX,* Ry (R*2 X X,))

Ps=R, (X;* (R*-2 X X )+X* (R;*-2 X; Xc)+X, Ry(R:2XX)HR, X (R +b” X,7)

Pe=(-b X*) (R, X2 R, X5?)

P=X* (R, X, R, X,%)

Appendix (II)

Ay = (kpaotkpr1+kpert21 kpoo b™+21 kpgy b™+21kps, b™+21 kpys b™+21 kpss b™+15 kps; b*
+15 kpgy b*+15 kpss b*+10 kpso b*+10 kps; b*+10 kps, b*+10 kpas b*+10 kpys b*+ 6 kpyg b
+6 kps; b™+6 kpay b*+6 kpi3 b™+6 kpos b™+3 kpsg b+3 kpa; b+3kpys b+ 15 kpyy b*+3 kpes b
+15 kpgo b*55 kp7s b+45 kpo3 b*+45 kpes b*+36 kpo, b'+ 36 kpes b’+36 kpss b™+28 kp, b°
+ 28 kpe, b™+28 kpss b™+28 kpas b°)

A1 = (kp10+kp01+8 kp44 b7+7 kp61 b6+7 kp52 b6+7kp43 b6+7 kp34 b6+6 kp60 b5+6 kp51b5+ 6 kp42 b5
+6 kp33 b5+5 kp50 b4+5 kp41b4+5 kp32 b4+5 kp23 b4+7 kp70 b6+5kp14b4+ 4 kp40 b3+4 kp31 b3
+4 kpzz b3+4 kp13b3+ 4 kp()4 b3+3 kpg,o b2+3 kpgl b2+6 kp24 b5+11 kp74 b10+3 kp12 b2+3 kp03 b2
+2 kpao b+2 kpyy b+2 kpg, b+10 kpsb’+10 kpes b+ 9 kp7o b*+9 kpes b*+9 kpss b*+8 kpo; b’
+8 kp62 b7+8 kp53 b7)

Ao = kpootkprs b +kpso b +kps; b+kpia b +kpes bP+kpag bP+kpy; b+ kpeo b*+kpiob+kpe; b
+kp60 b6+kp51 b6+kp42 b6+kp33b6+kp24 b6+kp50 b5+kp41 b5+kp32 b5+kp23 b5+kp14 b5+kp40 b4
+ kp31 b4+kp22b4+kp13 b4+kp04 b4+kp73 b10+kp64b10+kp72 b9+kp63 b9+kp54 b9+kp71 b8
+kpes b +kpss b*+kpas b*+ kpro b™+kpe; b'+kpsy b +kpas b'+kpss b’

where:

kp74= k> (R, X 4R, X57)

kp7;;=-4 by ki” (RyX,+R; X,°)
kp»= (2 k)3 b’ (R, X R X57)



kpyi=-4 by ki* (R, X, +R; Xo%)
kp7o= bm' ki” (R X, R, X5Y)
kp64: -b k12 (R2X12+2 R] X22)
kps;= 4 by b ki* (Ry X2 R X7
kpe:=-6 b k;” b, (R, X2 Ry X»Y)
kpei=4 by’ b k* (R, X2 Ry X57)
kpeo= - b by’ ki (R, X1%+2 R, X57)
kpsi= (R; X5" ki*) bR, (R) Ry Xom -2 Xo” X Xim)-Ra(2 X ki-ko”) X1 +R; Xo? (Rip-2 X XomRom')
+ 2 Ry Xom Xim RyR; (Ro? Xom ™ 2X5% Rom Rim)+ Ry Ro Xim (R Xim R X t2 Ry Xom)-2 Ry X ki2 X
kpss= -2 by (-4 k; (X Ry ki#+R; X +R; X1%)) X4 buR; Xo7 ki* b2 by (2 Ry (Rin” Xo™+ Rkt Ry Ry Xop) +
4 Ry Ry Xopm Xim (Ry+R))+2 R,X,> Rin™*3 Ry Rip kyt2 Ry X0 R*4+R,, ks)
kps:= (6 Ry X57 by’ ki?) b*+6 Ry by’ (Ro” k™ X5 Ry )+ 6 Ry by (<2 Xo* X XomtR; Ry Xy
+Rim Rom X57) + (<12 Ry Xe b ki) Xi+H(-Rs b (-6 Rym kot 12 X ki-Ron?)) X +R; by(Ron” X507
412 X5* X Ximt6 Ry Ry X2 +12 RiR, Xom Xim)
kpsi= -2 by’ (2 Ry X57 ki®) b2 by’ ((-4 k; (X Roki+R; Xo™+R5 X%)) Xe+R m (2 Ry X °RyntR; X57 Rom
+R5 X1 Rom)+2 Ry ks Ri2+2 Ry(ks Ro*+ Xo? Ri’)+4 Ry Ro Xom Xim(RoFR)))
kpso= b’ (-2 k Xy Ry kR, X, *+R, Xzz)) Xc+bm4(R1 X," k> b*+R| R, (RxR)) Xom+2 RiRy X (R2+R)) Xom
+R; X R74R; X0 Ry +R; X R+ R, X R1m2)
kpas= (-b (-R; (2 Xc ki-k2?)) X2 Ry X ki) bX +((4 R, Xo7k)) Xo-R; (2X57 k2R, XX 1m Ry R} R; k3)) b)
kpas= (2 b by, (-4 R, k) X;*+2 b by, (-4 R, ki*) X+ 2 bb,, (-8 Ry X5 ki) X2 b by Ry(ky+R 1) ko) X+
2 b b4 Ry Xo” Ry ko2 RiX, Ry kot2 Ry Ry k%)
kps=(-b (-12 Ry by’ k;) X%-b (<12 Ry by’ ki) X-b(-24 R; X57 by’ ky)) Xe-b (R, by (6 Rypmkot Row)) X2
b (2 Ry by’ (6 X" Rim ko +3 RiR; kst Rop” X546 Ry Ry Xom Xim))
kpar= (2 Ry by’ (-Rom R4 Xe ki-2 Ri)) Xi” b-b(8 Ry Xe by’ ki) Xi+((-16 Ry X2 X kit 4Ry Xi® R/
+8 Ry (X2" Rim Ry Ry Xom Xim) MRy (R Ry Xow™* Xo” Ry Rim)) bin’) b)
kpso="b (-(-R; by’ (2 X ki-Rin’)) Xi*+(2R, X by k%) Xi+(-R; by’ (-4 X537 X ki+2 Ry Ry Xom Ximt
2Ry’ X2 +R R, ks)))
kpss= (Ry X2 Ry k1) X1+R, ks+2 Ry X Xom+t X0 Ri+X57 ko) X2 Ry Ri2 k-2 Ry b2X2 ki H(-2 R, k%) X,
2 R, Ry’ k) XAR; Xo7 (Rim+Rom (Romt2 Rim)) bR Ry ko (Ry+R))
kps3= (-4 by Ry X X %byy (4 Ry X (2Xc Ki-3 RomRim-Rom™-2 Rim’)) Xi-biy (3 X527 Ront8 Ry Xom Xim
+4 X, ks+4 R, ks) X H(-8 Ry ki(R+R; Ryt b X)) XH2 Ry Xo” (Rowt2 Ryp) ko) b
+2 R, Ry (Ronmt2 Rim) ko (RyHR)))
kp3:= b’ (-6 Ry Xon H(-12 Ry (Xi+X1m)) Xom-3 Xo” Rom-12 X Ry X116 Ry (X1 +X%)-6 X5 ks) X2
b’ (12 Ry X2 ki) b*+12 Ry R, Ky ket2 X Ry Rom™+12 X; Ry Ry ko) X
-bu’ (- Ry (6 Ry ka+Ropm’) (Ry ketb” X57))
kp31= b (b’ (Xa” R4 Ry (Xom +X17)+4 X5 ks 4Ry X X4 Ry (Xomtky) (Xi+Xim))) Xo
- b (-4 b’ (2 Ry (Ry ketb” X5?)) Xom- 4 br” (X1 Ra Rim (2 Ryt Rom) 2 Ry Xim (Roketb” X2%))) X
b 2 R by’ Rim (2 Ryt Rom)(RHR, Rytb’ X))
kp3o= (X5 kstRy Xom (ki+Xim)+(2 Ry ki) Xi+Ry (X +X1)) X H(-2 Ry b X0 ky
2R, Ry k ke-2 Ry Ry X)) X+ b Xo2 Ry Rin™+R; Ry Ry k) by
kpas= (-b Ry Xi*+b (-2 Ry ky) Xi+b (-R; k3-2 X5"Rom-2 X5” ks=2 Ry Xom Xim)) X’
+b (2 Ry (ko™ +R%) X; X+ b (-Ry Ri* kyY)
kps=2 b by, (2 Ry X*+4 Ry Xp™+4 R, X ki+3 Xo? kot2 Ry kst4 Ry Xom X+ Xo” Rim) X
+2b by (2 Ry X (2 ks+Rom (3 RimtRom))) X+ 2 b by (Ry Ry (Ryntky) ky)
kp>= (-6 b Ry by, X;*+b (-12 Ry by’ ky) Xi+b (-6 by’ (Rz k32 X57 kst2 Ry Xog Xt Xo Rom))) X
+b by (2 Ry (Rom kot 5 Rom Rint6 k7)) X; Xctb by (-Ry Ry% (6 Ry kotRoi))
kp,1= (4 b R, b, X,*+b (8 R, by’ ki) X+b by’ (4 Ry ks+2 X57 Ryt 8 Ry X Xomt8 Xo7 ks)) X2
+b by’ (-4 Ry (Rom Rim?2 k7)) Xi X+ b by’ (2 Ry R Ry (Rimtks))
kpao= (-b Ry X7 by! X 24+b by (-2 Ry X ki+2 Ry X ko) X
+b by’ (-Ro Ri2 Rip?-2 Ry X Xim Xom-Ro X7 ks-2 X% X2 ks))
kpi= X (kstRom) (R; (Rytks+Ryp)+b” Xy%)
kp13: - X02 bm (4 b2 X22 k5+3 b2X22 R2m+4 R22 k5+8 R2 R] R1m+2 R2 R2m2+4 R2 k7+3 R22 R2m +6 R2 R2m k5)



kp1=X b (6 b Xo” kst6 Ry ks (Ks+Rom)+3 b° X5 Ropt3 Ry? (Riwtka)+6 Ry Ri+R; Ryyy)
kp11= -X¢* by (4 Ry ks+Rom R4 Ry ky+Rom b X,™+8 Ry Ry Rymt2 Ry Ry kst4 b X57 ks)
kpio= X> ks by’ (R, ks+R,*+b? X57)

kpos=-b R, X (k5+R2m)2

kpos= 2 b Ry X* by (kstRom) (Ront2 ks)

kpo:= -bR5 X by’ (6 ks™+6 Rop kstRom’)

kpo=2 b Ry X.” by, ks (2 ks+Ryy)

kpo(): -b R2 Xcz bm4 k52

and
k=X 1+ Xams ko=Rom Ry ks=Xim +Xom'> ke=R; X5 +R; X%, ks=R+R, ke=R;+Ry, k=R, R,

Appendix (IIT)
Parameters of the System:

Three-phase induction generator, star-connected,

460 V, 1180 rpm, 40 kW, 50 Hz with the following parameters:
R;=0.191 Q, L;=0.0012 H, R,=0.0707 Q,

L,=0.00179 H,

L,, (unsaturated magnetizing inductance)= 0.0448 H, C =300 pF

Three-phase induction motor, star-connected, 460 V, 1180 rpm, 20 kW, 50 Hz with the following parameters:
R;,,=0455Q, L,;,=0.00159 H, R,,,=0.149 Q,
L,,=0.00239 H, L,,,,= 0.0653 H.



